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Abstract 

We introduce a new class of nonlinear Stochastic Differential Equations in the sense of McKean, related 
to non conservative nonlinear Partial Differential equations (PDEs). We discuss existence and uniqueness 
pathwise and in law under various assumptions. We propose an original interacting particle system for 
which we discuss the propagation of chaos. To this system, we associate a random function which is 
proved to converge to a solution of a regularized version of PDE. 
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1 Introduction 

Probabilisfic represenfafions of nonlinear Parfial Differenfial Equafions (PDEs) are inferesfing in several 
aspecfs. From a fheorefical poinf of view, such represenfafions allow for probabilisfic fools fo study the 
analytic properties of fhe equafion (exisfence and/or uniqueness of a solufion, regularify,...). They also 
have fheir own inferesf f5q3ically when fhey provide a microscopic inferprefafion of physical phenomena 
macroscopically drawn by a nonlinear PDE. Similarly, sfochasfic confrol problems are a way of inferprefing 
non-linear PDEs fhrough Hamilfon-Jacobi-Bellman equafion fhaf have fheir own fheorefical and pracfical 
inferesfs (see m). Besides, from a numerical poinf of view, such represenfafions allow for new approxi- 
mafion schemes pofenfially less sensifive fo fhe dimension of fhe sfafe space fhanks fo fheir probabilisfic 
nafure involving Monfe Carlo based mefhods. 

The presenf paper focuses on a specific forward approach relying on nonlinear SDEs in fhe sense of 
McKean Il23 . The coefficienfs of fhaf SDE insfead of depending only on fhe posifion of fhe solufion Y, also 
depend on fhe law of fhe process, in a non-anficipafing way. One hisforical confribufion on fhe subjecf was 
performed by IISTlI , which concenfrafed on non-linearifies on fhe driff coefficienfs. 

Lef us consider d,p gN*. Lef $ : [0, T] x x R — >• R^^p, g : [0, T] x R'^ x R —>• R'^, A : [0, T] x R"^ x R —>• R, be 
Borel bounded funcfions and Co be a probabilify on R'^. When if is absolufely confinuous we denofe by vq 
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its density so that Co (da;) = vo{x)dx. We are motivated in non-linear PDFs (in the sense of the distributions) 
of fhe form 


((fl>$‘)i (f, X, v)v) — div {g{t, x, v)v) + A{t, x, v)v , for any t £ [0, T] 

ij'=l 

z;(0, dx) = (o{dx), 


( 1 . 1 ) 


where v :]0, T] x R is fhe unknown funcfion and fhe second equation means that v{t, x)dx converges 

weakly to Co(dx) when t ^ 0. When A = 0, PDFs of fhe type dl.lll are generalizations of fhe Fokker- 
Planck equation and fhey are of fen denominafed in fhe lifer afure as McKean fype equafions. Their solufions 
are probabilify measures d 5 mamics which offen describe fhe macroscopic disfribufion law of a microscopic 
particle which behaves in a diffusive way. For fhaf reason, fhose time evolufion PDFs are conservative in fhe 
sense fhaf fheir solufions v{t, •) verify fhe properfy v{t,x)dx fo be consfanf in t, generally equal fo 1, 
which is fhe mass of a probabilify measure. More precisely, offen fhe solution v of dl.lll is associated with a 
couple (Y, v), where Y is a stochastic process and v a real valued function defined on [0, T] x R'^ such fhaf 

I Yt=Yo + J*^{s,Ys,v{s,Ys))dWs + J*gis,Ys,v{s,Ys))ds, wifh Yq ~ Co ^^2) 

1 x(f, •) is fhe densify of fhe law of Yt , 


and (Wt)t>o is a p-dimensional Brownian motion on a filfered probabilify space (fl, JC,IP)- A major 
fechnical difficulfy arising when sfudying fhe exisfence and uniqueness for solufions of dl.2> is due fo fhe 
point dependence of fhe SDF coefficienfs w.r.t. fhe probabilify densify v. In fhe liferafure dl.2ll was generally 
faced by analytic mefhods. A lof of work was performed in fhe case of smoofh Fipschifz coefficienfs wifh 
regular initial condition, see for insfance Proposition 1.3. of Il20l . The aufhors also assumed to be in the 
non-degenerate case, with being an invertible matrix and some parabolicity condition. An interesting 
earlier work concerns the case <i>(f,x,u) = {k > l),g = 0 see IHl. In dimension d = I with g = 0 and 
T* being bounded measurable, probabilistic representations of Ijl.lt via solufions of (|1.2t were obfained in 
IfTTH TlI. 161 exfends partially fhose resulfs fo fhe multidimensional case. Finally IZl freafed fhe case of fasf 
diffusion. All fhose fechniques were based on fhe resolution of fhe corresponding non-linear Fokker-Planck 
equation, so through an analytic tool. 

In the present article, we are however especially interested in l|l.l|l . in the case where A does not vanish. In 
that context, the natural generalization of (11.2b is given by 


Yt = Yq -h f* ^(s, Ys, v(s, Ys))dWs + f* g(s, Y^, v(s, Ys))ds , 


wifh Yo ~ Co , 


v{t,-) := ^ such fhaf for any bounded confinuous fesf funcfion p € C{,(R'^, R) 
r't(p) :=E p(Yt) exp|/g A(s,Ys,r;(s,Ys))ds| , for any f S [0, T] . 


(1.3) 


The aim of fhe paper is precisely fo exfend fhe McKean probabilisfic representation to a large class of 
nonconservafive PDFs. The firsf sfep in thaf direcfion was done by 121 where fhe Fokker-Planck equation 
is a sfochasfic PDF wifh multiplicative noise. Fven fhough fhaf equation is pafhwise nof conservafive, fhe 
expecfafion of fhe mass was consfanf and equal fo 1. Here again, fhese developmenfs relied on analytic 
fools. 

To avoid fhe fechnical difficulfy due fo fhe poinfwise dependence of fhe SDF coefficienfs w.r.f. fhe funcfion 
V, fhis paper focuses on fhe following regularized version of (11.3b : 


Yt = Yo -6 /o ^>( 5 , Ys, it(s, Ys))dVlCs + /q g{s, Y*, it(s, Ys))ds , with Yq ~ Co , 
u{t,y) ■= ¥.[K{y - Yt) exp |/J A(s, Y*, u(s, Ys))ds|] , for any f e [0,T] , 
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where K : R is a smooth mollifier in R'^. When K = So (ll.4t reduces, at least formally to (II.3t . An 

easy application of Ifo's formula (see e.g. Proposifion 16.711 shows fhaf if there is a solution (Y, u) of (11.411 , u 
is related to the solution (in the distributional sense) of fhe following partial integro-differential equation 
(PIDE) 

f 

I dtv = ^ ^ ((<I)<I)*)i_j(f, x,K * v)v) — div {g{t, x,K * v)v) + A(f, x,K * v)v 

I i.j=l 

[ v{0,x) = Vo , 

by the relation u = K * v := K{- — y)v{y)dy. Setting K^{x) = -^K (-) the generalized sequence is 

weakly convergent to the Dirac measure at zero. Now, consider the couple (Y^, u^) solving (ll.4t replacing 
K with K^. Ideally, should converge to a solution of fhe limit partial differential equation dl.lll . In fhe 
case A = 0, wifh smoofh ^,g and inifial condition with other technical conditions, that convergence was 
established in Lemma 2.6 of Il20ll . In our exfended setting, again, no mafhematical argument is for fhe 
moment available but this limiting behavior is explored empirically by numerical simulations in Section 
Always in the case A = 0 with g = 0, but with 4) only measurable, the qualitative behavior of the solution for 
large time was numerically simulated in ||5H6l respectively for fhe one-dimensional and multi-dimensional 
case. 

Besides the theoretical aspects related to the well-posedness of dl.H (and dl.4ll l, our main mofivafion is 
fo simulafe numerically efficienfly fheir solutions. With this numerical objective, several types of proba- 
bilisfic representafions have been developed in fhe liferature, each one having specific feafures regarding 
fhe implied approximation schemes. 

One method which has been largely investigated for approximafing solutions of fime evolutionary PDEs is 
the method of forward-backward SDEs. EBSDEs were inifially developed in 124)1 . see also l23l for a survey 
and l25l for a recent monograph on the subject. The idea is to express the PDE solution v{t, •) at time t as 
the expectation of a functional of fhe so called forward diffusion process X. Numerically, many judicious 
schemes have been proposed l2^[T2llT7ll . Buf they all rely on computing recursively conditional expectation 
functions which is known to be a difficult task in high dimension. Besides, the EBSDE approach is blind in 
the sense that the forward process is nof ensured fo explore fhe mosf relevanf space regions to approximate 
efficiently the backward process of interest. On the theoretical side, the EBSDE representation of fully non¬ 
linear PDEs sfill requires complex developmenfs and is fhe subjecf of acfive research (see for instance lT3ll ). 
Branching diffusion processes are anofher way of providing a probabilisfic represenfafion of semi-linear 
PDEs involving a specific form of non-linearify on the zero order term. We refer to ITSlI for the case of 
superprocesses. This t 5 rpe of approach has been recenfly exfended in ITSl IT9ll fo a more general class of 
non-linearifies on fhe zero order ferm, wifh the so-called marked branching process. One of fhe main advan- 
fage of fhis approach compared fo BSDEs is fhaf it reduces in a forward algorithm without any regression 
computation. 

One numerical intuition motivating our interest in (possibly non-conservative) PDEs representation of 
McKean t5q3e is fhe possibility to take advantage of the forward feature of fhis represenfafion fo b 5 rpass 
fhe dimension problem by localizing the particles precisely in the regions of interest, although this point 
will not be developed in the present paper. Another benefit of fhis approach is fhaf if is pofenfially able to 
represent fully nonlinear PDEs. 

In fhis paper, for fhe considered class of nonconservative PDE, besides various theoretical results of 
exisfence and uniqueness, we esfablish fhe so called propagation of chaos of an associated interacting particle 
system and we develop a numerical scheme based on it. The convergence of fhis algorifhm is proved 
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by propagation of chaos and through the control of the time discretization error. Finally, some numerical 
simulations illustrate the practical interest of this new algorithm. 

The main contributions of this paper are twofold. 

1. We provide a refined analysis of existence and/or uniqueness of a solution to (11.41 under a variety of 
regularity assumptions on the coefficients 4>, g and A. This analysis faces two main difficulties. In the 
first equation composing the system (11.4b the coefficients depend on the density u, itself depending on 
Y. This is the standard situation already appearing in the context of classical McKean t 5 rpe equations 
when u{t, •) is characterized by the law of Yt ,t > 0. This situation can be recovered formally here 
when the function A = 0 and the mollifier K = (5o. In the second equation characterizing u in (11.4b , for 
a given process Y G C‘^ := C([0, T], u also appears on the right-hand-side (r.h.s) via the weighting 
function A. This additional difficulty is specific to our extended framework since in the standard 
McKean type equation, A = 0 implies that u{t, •) is explicitely defined by the law density of Yt. 

In Section 13 one shows existence and uniqueness of strong solutions of (11.4b when $, g, A are Lips- 
chitz. This result is stated in Theorem B.lOl The second equation of (11.4b can be rewritten as 


L{t,y) = J Ar(?/ - wt) exp |y A{s,u}s,u{s,u}s))ds^ dm{uj) , 


( 1 . 6 ) 


where m = my is the law of Y on the canonical space C‘^. In particular, given a law m on C‘^, using 
an original fixed point argument on stochastic processes Z of the t 5 rpe Zt = u{t,Xt) where X is the 
canonical process, in Lemma |3.2[ we first study the existence of m = m'” being solution of (11.6b . A 
careful analysis in Lemma [3.41 is carried on the functional {t, x, m) x): this associates to each 

Borel probability measure m on C^, the solution of (13.1b , which is the second line of (11.4b . In particular 
that lemma describes carefully the dependence on all variables. Then we consider the first equation of 
dH using more standard arguments following Sznitman IISTl . In Section|4l we show strong existence 
of (11.4b when ^,g are Lipschitz and A is only continuous, see Theorem 14.21 Indeed, uniqueness, 
however, does not hold if A is only continuous, see Example 14.11 In Section |3 Theorem 15.11 states 
existence in law in all cases when $, g, A are only continuous. 

2. We introduce an interacting particle system associated to (11.4b and prove that the propagation of 
chaos holds, under the assumptions of Section |3 This is the object of Section |Zl see Theorem 17.11 
and subsequent remarks. That theorem also states the convergence of the solution u™ of (11.6b , when 
m = is the empirical measure of the particles to where uiq is the law of the solution of 

(11.4b . in the LP,p = 2, -l-oo mean error, in term of the number N of particles. We estimate in particular, 
rates of convergence making use of a refined analysis of the Lipschitz properties of m w.r.t. 

various metrics on probability measures. This crucial theorem is an obligatory step in a complete 
proof of the convergence of the stochastic particle algorithm: it distinguishes clearly the control of 
the perturbation error induced by the approximation and the control of the propagation of this error 
through the particle dynamical system. By our techniques, the proof of chaos propagation does not 
rely on the exchangeability property of the particles. In Section (|6) we show that u := u'^° verifies 
u := K*v, where v solves the PIDE (11.5b . In Section|8j we propose an Euler discretization of the particle 
system d 5 mamics and prove (Proposition 18.1b the convergence of this discrete time approximation to 
the continuous time interacting particle system by following the same lines of the propagation of 
chaos analysis, see Theorem l7.ll 
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The paper is organized as follows. After this introduction, we formulate the basic assumptions valid 
along the paper. Sectionis devoted to the existence and uniqueness problem when g, A are Lipschitz. 
The propagation of chaos is discussed in Section |7] Sections |4] and [^discuss the case when the coefficients 
are non-Lipschitz. Section [^establishes the link between (11.41 and the integro partial-differential equation 
(11.51 . Finally, Section |8] provides numerical simulations illustrating the performances of the interacting 
particle system in approximating the PDF (11.11 , in a specific case where the solution is explicitely known. 


2 Notations and assumptions 


Let us consider := C([0,T],R'^) metrized by the supremum norm || • ||oo, equipped with its Borel a— 
field B{C'^) = (T{Xt,t > 0) (and := a{Xu,0 < u < t) the canonical filtration) and endowed with 

the topology of uniform convergence, X the canonical process on and Vk{C‘^) the set of Borel probability 
measures on admitting a moment of order/c € N. For k = 0,V{C‘^) := Voic‘d) is naturally the Polish space 
(with respect to the weak convergence topology) of Borel probability measures on C‘^ naturally equipped 
with its Borel cr-field B{V{C’^)). When d = \, we often omit it and we simply denote C := C^. 

We recall that the Wasserstein distance of order r and respectively the modified Wasserstein distance of order r 
for r > 2, between m and m' in Vr{C‘^), denoted by Wf{m, m!) (and resp. WJ(m, m')) are such that 




inf {[ sup \Xs{u;)-Xsiuj')fd^{u;,u;')\,t€[0,T], (2.1) 

/i6n(m.m') (Jc'^xC'^ 0 <s<t J 

Jnf \[ sup \Xs{ui) - Xsiuj')f Al d^j.{u},uj')\, t G [0,T] , (2.2) 

^Gn(m,m') 0<s<t j 


where n(m,m') (resp. n(m,m')) denotes the set of Borel probability measures in P(C'^ x C^) with fixed 
marginals m and m' belonging to Vr{CY (resp. 'P{CY ). In this paper we will use very frequently the 
Wasserstein distances of order 2. For that reason, we will simply denote Wt := (resp. Wt := W"^). 
Given N € N*, I € C^, l^, - ■ ■ ,1^ € C^, a significant role in this paper will be played by the Borel measures 
1 ^ 

on C‘^ given by Si and — ^ Sp-. 

Remark 2.1. Given l^,-- ■ , £ C‘^, by definition of the Wasserstein distance we have, for all t G [0, T] 


Wt 



1 

< — 

- N 


N 

V 

0<s<t 


sup 



Cb(CY will denote the space of bounded, continuous real-valued functions on C‘^, for which the supre¬ 
mum norm will also be denoted by || • ||oo. In the whole paper, will be equipped with the scalar product 
• and |a;| will denote the induced Euclidean norm for x € A1/(K'^) is the space of finite, Borel measures 

on iS(K‘^) is the space of Schwartz fast decreasing test functions and 5'(K'^) is its dual. Cb(K‘^) is the 
space of bounded, continuous functions on (K'^) is the space of smooth functions with compact sup¬ 

port. C^(]R‘*) is the space of bounded and smooth functions. Co(R‘^) will represent the space of continuous 
functions with compact support in W’'’P(R‘^) is the Sobolev space of order r G N in (L^'(R‘^), || • ||p), 
with 1 < p < oo. We denote by (fn)n>o an usual sequence of mollifiers where, (jfi is 

a non-negative function, belonging to the Schwartz space whose integral is 1 and (en)n>o a sequence of 
strictly positive reals verifying e„- > 0. When d = 1, we will simply write cf>n ■= fh-if •= 

n - > OO 
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J^(-) : / € J^{f) G 5(K.'^) will denote the Fourier transform on the classical Schwartz space 

such that for all ^ G 

= -^ ! f{x)e-^^-^dx . 

\/ iTT jRd 

We will denofe in fhe same manner fhe corresponing Fourier fransform on 5'(]R‘^) . 

A funcfion F : [0, T] x x R —>• M will be said continuous with respect to (y, z) G R^^ x R (the space variables) 
uniformly with respect to f G [0, T] if for every e > 0, fhere is if > 0, such fhaf V(y, z), (y', z') G R^^ x R 

|y- y'l + \z - z'\<5 ^ Vf G [0,T], \F{t,y,z) - F{t,y',z')\ < e. (2.3) 


For any Polish space E, we will denofe by B{E) ifs Borel n-field. If is well-known fhaf V{E) is also 
a Polish space wifh respecf fo fhe weak convergence topology, whose Borel cr-field will be denoted by 
B{V{E)) (see Proposition 7.20 and Proposition 7.23, Section 7.4 Chapter 7 in ||9|). 

For any fixed measured space (0, F), a map y : (ft, F) —^ (V{E),B{V{E))) will be called random measure 
(or random kernel) if if is measurable. We will denofe by V^{E) the space of square infegrable random 
measures, i.e., fhe space of random measures y such fhaf E[y(£')^] < oo. 

Remark 2.2. As highlighted in Remark 3.20 in ifl4l/ (see also Proposition 7.25 in 10), previous definition is equivalent 
to the two folloiving conditions: 

• for each ui € it, G V{E), 


• for all Borel set A G B{'P{E)), uj r]iz{A) is F-measurable. 


Remark 2.3. Given R'^-valued continuous processes , F”, the application 

on V{C‘^). In fact Syi A ^ j N isa random measure by Remark \T2[ 


1 ^ 

— V Syj 




is a random measure 


As mentioned in the introduction A : R'^ —?► R+ will be a mollifier such that K(x)dx = 1. Given 
a finite signed Borel measure 7 on R'^, K * y will denote the convolution function x 1 — y{K{x — •))• 
particular if 7 is absolutely continuous wifh densify 7 , fhen {K * 7 )(a;) = K{x — y)j{y)dy. In fhis article, 
the following assumpfions will be used. 


Assumption 1. 1. $ and g are Lipschitz functions defined on [0, T] x R"^ x R taking values respectively in R'^^p 

(space of d x p matrices) and R"^; there exist finite positive reals and Lg such that for any (f, y, y', z, z') G 
[0, T] X R'^ X R'^ X R X R, zue have 

< L<i,{\z' - zK \y' -y\) \9{t,y',z') - 9{t,y,z)\ < Lg{\z' - zj -h W -y\) ■ 


2 . A is a Borel real valued function defined on [0, T] x R"^ x R Lipschitz w.r.t. the space variables: there exists a 
finite positive real, L\ such that for any if, y, y', z, z') G [0, T] x R'^ x R'^ x R x R, loe have 

|A(f,y,z) - A(f,y',z')| < -y\ + \z' - z\) . 


3. $, g and A are supposed to be uniformly bounded: there exist finite positive reals M$, Mg and M\ such that, 
for any {t, y, z) G [0, T] x R'^ x R 


(a) 


|^■(hy,^)| < \g{t,y,z)\ < Mg, 
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(b) 


\A{t,y,z)\ < Ma ■ 


4. K : ^ R+ is integrable, Lipschitz, bounded and whose integral is 1: there exist finite positive reals Mk 

and Lk such that for any {y, y') s x 

\K{y)\<MK, \K{y') - K{y)\< LkW - y\ and [ K{x)dx=l. 

5. Co is a fixed Borel probability measure on R'^ admitting a second order moment. 

To simplify we introduce the following notations. 

• V : [0, T] X X C —^ R defined for any pair of functions y € and z £ C, by 

Vt{y,z) := exp A{s,ys, Zs)ds^ for any f £ [0, T] . (2.4) 

• The real valued process Z such that Zs = u{s, Ys), for any s £ [0, T], will often be denoted by u{Y). 
With these new notations, the second equation in (11.411 can be rewritten as 

ut[y^)=n{K*y^){Yt)Vt{Y,u{Y))]. for any p £ ^(R^R) , (2.5) 

where u{t, ■) = 

Remark 2.4. Under Assumption^!! 3.(b), A is bounded. Consequently 

0 < Vtiy, z) < , for any (t, y, z) £ [0, T] x R'^ x R . (2.6) 

Under Assumption^ 2. A is Lipschitz. Then V inherits in some sense this property. Indeed, observe that for any 

(a, b) £ R^, 

e''-e“ = (6-a) / - a| . (2.7) 

Jo 

Then for any continuous functions y, y' = C([0, T], R'^), and z, z' £ C([0, T], R), taking a = f* A(s, y^, Zs)ds 
and b = fg A(s, y', z')ds in the above equality yields 

\Vt{y',z')-Vt{y,z)\ < / |A(s, y', 2 ') - A(s, j/s, z,,)| ds 

Jo 

< e‘“^LA [ {\y'^ - ys\ + \z'^ - Zs\) ds . (2.8) 

Jo 

In SectionlH Assumption[T| will be replaced by the following. 

Assumption 2. 1. All the items of Assumption^are in force excepted 2. which is replaced by thefolloiving. 

2. A is a real valued function defined on [0,r] x R'^ x R continuous iv.r.t. the space variables uniformly with 
respect to the time variable, see e.g. (12.31 . 

Remark 2.5. The second item in Assumption^ is fulfilled if the function A is continuous with respect to {t, y, z) £ 
[0,r] X R"^ X R. 

In Section |5] we will treat the case when only weak solutions (in law) exist. In this case we will assume 
the following. 
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Assumption 3. All the items of Assumption^ are in force excepted 5. and the items 1. and 2. which are replaced 
by the following. $ : [0, T] x x R —^ g : [0, T] x R"^ x R —^ R'^ and A : [0, T] x R'^ x R —>• R are 

continuous with respect to the space variables uniformly with respect to the time variable. 

Definition 2.6. 1. We say that (11.411 admits strong existence if for any filtered probability space (O, iF, Ft,F) 

equipped with an {Ft)t>o-Brownian motion W, an F^-random variable Yq distributed according to (^o/ there is 
a couple {Y, u) where Y is an {Ft)t>o-cidapted process and u : [0, T] x R"^ —>• R, verifies (II.4> . 

2. We say that (II.4> admits pathwise uniqueness if for any filtered probability space {n,F,Ft,'P) equipped 
with an {Ft)t>o-Broivnian motion W, an F^-random variable Yq distributed according to Co/ the folloiving 
holds. Given two pairs and {Y‘^,u‘^) as in item 1., verifying (ll.4> such that Yf = Yf P-a.s. then 

and Y^ and Y^ are indistinguishable. 

Definition 2.7. 1. We say that (ll.4> admits existence in law (or weak existence) if there is a filtered probabil¬ 

ity space (n, F, Ft, P) equipped with an {Ft)t>o-Brownian motion W, a pair (Y, u), verifying (ll.4> . ivhere Y 
is an {Ft)t>o-cidapted process and u is a real valued function defined on [0, T] x R'^. 

2. We say that (ll.4t admits uniqueness in law (or weak uniqueness), if the folloiving holds. Let {fl, F, Ft, P) 
(resp. F, Ft,F)) be a filtered probability space. Let {Y^ ,v}) (resp. (Y'^.iF')) be a solution of (ll.4> . Then 
and Y^ and Y"^ have the same laiv. 

3 Existence and uniqueness of the problem in the Lipschitz case 

In this section we will fix a probability space (fl, F, Ft, P) equipped with an (J't)-Brownian motion {Wt). 
We will proceed in two steps. We study first in the next section the second equation of (ll.4> defining u. 
Then we will address fhe main equation defining fhe process Y. 

Lafer in fhis section, Assumpfion[T]will be in force, in particular will be supposed fo have a second 
order momenf. 

3.1 Existence and uniqueness of a solution to the linking equation 

This subsection relies only on ifems 2., 3.(6) and 4. of Assumpfion[T| 

We remind fhaf X will denofe fhe canonical process X : ^ defined by Xfu)) = uj{t), t > 0 ,uj € C^. 

For a given probabilify measure m € V{C‘^), lef us consider fhe equafion 

f u{t,y) = fadK{y - Xt{w))Vt{X{w),u{X{w)))dm(w) , for all f € [0, T], ?/G R'^ , wifh 
\ (3.1) 

y Vt(X(w),u(X(w))) = exp A(s,Xs(w),u(s,Xs(w)))ds^ . 

This equafion will be called linking equation: it constitutes the second line of equafion (11.41 . When A = 0, 
i.e. in fhe conservafive case, u(t, •) = K * mt, where mt is fhe marginal law of Xt under m. Informally 
speaking, when K is fhe Delfa Dirac measure, fhen u(t,-) = mt. 

Remark 3.1. Since A is bounded, and K Lipschitz, it is clear that ifu := is a solution of (13.11 then u is necessarily 
bounded by a constant, only depending on M\, Mk, T and it is Lipschitz with respect to the second argument with 
Lipschitz constant only depending on Lk, M\, T. 

We aim af proving by a fixed poinf argumenf fhe following resulf. 
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Lemma 3.2. We assume the validity of items 2., 3.(6) and 4. of Assumption^ 

For a given probability measure m G 'P{C'^), equation (13.H admits a unique solution, m™. 


Proof. Let us introduce the linear space Ci of real valued continuous processes Z on [0, T] (defined on fhe 
canonical space C‘^) such fhaf 


ll^ll 


00,1 


:= E” 


sup \Zt\ 

.t<T 


/ sup 

/C‘* 0 <t<T 


\Zt{u!)\dm(u!) < oo . 


(Cl,||-||oo.l) is a Banach space. For any M > 0, a well-known equivalenf norm fo ll-lloo. 1 is given by || • ||^ i, 
where II = E’"[supt<j. e“^*|Zt| ]. Lef us define fhe operator T'" :Ci —>'C([0,r] such fhaf for 

any Z G Ci, 

T'^{Z){t,y)-.= [ K{y-Xtiuj))Vt{X{uj),Z{w))dmiw) . (3.2) 

Jc^ 

Then we infroduce fhe operator t : f G C([0,T] x IR‘^,IR) >->• r(/) G Ci, where T{f)t{uj) = We 

observe fhaf r o T™ is a map Ci —?> Ci. 

Nofice fhat equafion (13.It is equivalenf fo 


u = (T™ o t){u). 


(3.3) 


We firsf admif fhe exisfence and uniqueness of a fixed point Z G Ci for fhe map r o T™. In particular we 
have Z = {t o T"^){Z). We can now deduce the existence/uniqueness for fhe function u for problem (I3.3t . 
Concerning exisfence, we choose u'" := T‘^{Z). Since Z is a fixed-poinf of fhe map r o T™, by fhe definition 
of we have 

Z = t{T^{Z)), (3.4) 


so fhat t;"* is a solution of (13.3L 

Concerning uniqueness of (13.311 , we consider fwo solutions of (13.111 6, v, i.e. such fhaf v = (T™ o t)(v),v = 
(T"* o t)(v). We sef Z := t(v),Z := t(v). Since v = T’^(Z) we have Z = t(v) = t(T"^(Z)). Similarly 
Z = t(v) = t(T’^(Z)). Since Z and Z are fixed poinfs of r o T, if follows fhaf Z = Z dm a.e. Finally 
V = T^{Z) = T^{Z) = F. 

If remains finally fo prove fhat r o T"* admits a unique fixed poinf, Z. 

The upper bound (12.81 implies fhaf for any pair {Z, Z') G Ci x Ci, for any (f, y) G [0, T] x 


\T^{Z')-T”^{Z)\{t,y) = 


K{y - Xt{uj)) [Vt{X{uj),Z'{uj)) - Vt{X(uj), Z (oj))] dm{oj) 


< Mkc'^^^^LaE 

< Mkc'^^^^LaE 


Ic^ Jo 


\Z',.{uj) — Zs{oj)\ds dm{uj) 


Jo 

f sup e~^'~\Z'^ — Zr\di 

Jo r<t 


Mt _ -1 

< MKe™^LA ^ E 


supe ^’’|Z'—Zr 

r<t 




M 


z'-z\C^,. 


Then considering (r oT'^){Z')t = T'^{{Z'){t, Xt) and (r o T'^){Z)t = r(Z)(f, Xj), we obfain 


supe-"* |(ror™)(Z')t - (ToT”*)(Z)t| = supe""* \T^{Z')it, Xt) - T^{Z){t, Xt) 

t<T t<T 

< MKe™-LA^\\Z' -Z\C^^. 
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Taking the expectation yields |(t o T™‘){Z')t — {to T'^){Z)t\\^^i < La^\\Z' — Z\\^i. Hence, as 

soon as M is sufficiently large, M > (r o T"*) is a contraction on (Ci, || • ||^ i) and the proof 

ends by a simple applicafion of fhe Banach fixed poinf fheorem. □ 

Remark 3.3. For {y,m) G x V{C’^), t !->■ u"^{t,y) is continuous. Thisfolloivs by an application ofLebesgue 
dominated convergence theorem in (13.111 . 

In fhe sequel, we will need a sfabilify resulf on it™ solufion of (13.111 , w.r.f. fhe probabilify measure m. 
The fundamenfal lemma freafs fhis issue, again only supposing fhe validify of ifems 2., 3.(6) and 4. of 
Assumption [T] 

Lemma 3.4. We assume the validity of items 2., 3.(6) and 4. of Assumption^ 

Let ubea solution of (13.111 . The following assertions hold. 

1. For any measures (m,m') G 'P 2 {C^) x V 2 {C'^),for all {t,y,y') G [0,T] x x we have 


<CKAt)[\y-y'\^+ \Wt{m,m')f‘] , (3.5) 

where CK,h{t) ■= j^{t){t + 2)(1 + C'j^ j^{t) = + 2M'^L\t). In particular 

the functions Ck,a only depend on Mk, Lk, A/a, Ta cind t and is increasing with t. 

2. For any measures (m, m') G 'P{C'^) x V{C‘^),for all {t, y, y') G [0, T] x x C^, we have 

\u^{t,y)-u”^'{t,y')\‘^ <iLK,A{t) \y-y'\‘^+ \Wt{m,m')\'^ , (3.6) 

where €K.A{t) '■= (max(LA', 2Mk)'^ + 2M|- max(LA, ‘2M\)'^t). 

3. The function {m,t,x) !->■ u'^{t,y) is continuous on V{C’^) x [0,r] x where V{C‘^) is endowed with the 
topology of weak convergence. 


(3.7) 


4. Suppose that K G W^’^(IR'^). Then for any {m,m') G 'P 2 {C’^) x V 2 {C‘^), t G [0,T] 
||it™(f, •) - M™ (f, •)||2 < C'K,A(f)(l + 2tCK,A(.t))\Wt{m,m')\'^ 


where CK,A{t) := 20'^^j^{t){t + 2)(1 + with = 2e^‘^*(T|- + 2Mf-L\t) and CK,A{t) '.= 

2g2tMA^2MA-TA^(f + 1) + ||V/sr|||), II • II 2 being thestandard T^(R'^) or L^(R'^,R'^)-norms. 

In particular the functions Ck,a only depend on Mk, Lk, M\, La and t and is increasing with t. 

5. Suppose that iF {K) G L^(]R‘^). Then there exists a constant CK.A{t) > 0 (depending only on t, M\, L a, ||L'(/6)||i1 
such that for any random measure y : {Ll,F) — {'P 2 {C‘^),B{'P{C‘^))),for all {t,m) G [0,T] x 'P 2 {C‘^) 


lE[||u’'(t,-) - w™(f,-)llL] < Ck,A it) sup E[\{y-m,ip)\^] , (3.8) 

IIV’llooSl 

where we recall that V{C'^) is endowed with the topology of weak convergence. We remark that the expectation 
in both sides of (13.8t is taken iv.r.t. the randomness of the random measure y. 

Remark 3.5. a) By Corollary 6.13, Chapter 6 in ^32^ . Wt is a metric compatible with the weak convergence on 
V{C^). 

b) The map ■ {u, p) i->- / sup E[|(i/ — p, (p)p] defines a (homogeneous) distance on V^iC^)- 

ipdCbi.C'i) 

V ll»>lloo<l 
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c) Previous distance satisfies 


(3.9) 


where Wf is the 1-Wasserstein distance. 

Indeed, for fixed w £ PI, taking into account that {C‘^,ua) and are Polish probability spaces, the first 

equality of(i) in the Kantorovitch duality theorem, see Theorem 5.10 p.70 in l&li , which in particular implies the 
folloiving. For any yi £ Cb{C‘^) we have 

\{u- p,y)\ < Wf{u,p), 


which implies (13.9t . 

d) The map {u, p) >->• yj¥,\\Wfiv, ^)p] defines a distance on 

e) Item 1. of Lemma 13.41 is a consequence of item 2. For expository reasons, we have decided to start with the less 
general case. 

Proof of Lemma l3~4l We will prove successively the inequalities (13.51 , (13.61 , (13.71 and (13.81 . 

Let us consider (t, y, y') £ [0, T] x x R'^. 

• Proof of (13.51 . Let (m, m') G 'P 2 {C‘^) x 'P 2 {C‘^). 

We have 


y) - (L y')? < 2|w’"(L y) - y')\^ + 2|u™(L y') - u™ (L y')\ 


(3.10) 


The first term on the r.h.s. of the above equality is bounded using the Lipschitz property of tt™ 
that derives straightforwardly from the Lipschitz property of the mollifier K and the boundedness 
property of V* (12.61 : 


(3.11) 


\u'^{Fy')-u'^{t,y)\ = / [K{y-Xt{w))-K{y'-Xt{w))]Vt{X{u:),u'^{X{w)))dm{w) 

Jc^ 

< LKe*^-\y-y'\. 

Now let us consider the second term on the r.h.s of (13.101 . By Jensen's inequality we get 

|m”"(L2/') - = [ K{y' - Xt{w))Vt{X{u}),u"^{X{uj)))dm{u;) 

- [ K{y' - Xt{w’))Vt{X{w'),u'^'{X{w')))dm'{w') 

Jc^ 

< [ K{y' -Xt{w))Vt{X{w),u^{X{w))) 

- Kiy' - Xt{w'))Vt{X{uj'),u"^’ iX{uj')))\\p{oj,oj') , (3.12) 

for any p G n(m,m'). Let us consider four continuous functions x, x' £ CJpjTjjR'^) and z,z' £ 
C([0, T], R). We have 

iK(y' - Xt)Vt(x,z) - K(y' - x')Vt(x',z' f < 2|N(y' - xt) - K{y' - x[)f \Vtix,z)\^ 

+2 \Vtix, z) - Vb{x', z')l' \K{y' - x'Jp . (3.13) 
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Then, using the Lipschitz property of K and the upper bound (I2.8t gives 


ct 


\K{y'- xt)Vt{x,z) - K{y'- x[)Vt[x',z')\ < |xt - 

+ [ [|x, - x;|2 + |z, - ds (3.14) 

< C"KA(.t) (1 +t)sup |xs - + [ |zs-z'pds 

L s<t Jo 

where C'j^ ^{t) = + 2M'^L\t). Injecting the latter inequality in (I3.12t yields 

\u"'it,y')-u'^'(t,y')\'^ < C'k,aW / (l + t)sup|X,,(w)-2fs(w')P 

Jc'^xC'^ L s<t 

+ f \u'^{s,Xs{uj)) - u'^\s,Xs{uj'))\‘^ ds dfi{uj,uj'), 

Jo 

Injecting the above inequality in (I3.10t and using (13.1111 yields 

- u’"'(h 2 /')P < \y-y'?+ 0+0 i sup|Xs(u;)-X„(w')pf^h(w,w') 

L Jc'^xC'^ s<t 


+ [ [ |u™(s,X„(a;)) - (is(ip(w, w') 

Jc^xC^Jo 


(3.15) 


IC^xC^ Jo 

Replacing y (resp. y') with Xt{u}) (resp. Xt{Lo')) (I3.15t , we get for all uj G (resp. w' € CO, 
\u"^it,Xtiio))-u^'it,Xtiu;'))0 < 2C0A0[\Xt{^) - 

+ (l + f) f sup|Xs(a;) - Xs(w')p(ip(w, w') 

Jc'^xC'^ s<t 

+ f f |u'"(s,2fs(a;)) - u™ (s,Xs(w'))P dsdp(w,u;') . 

Jc^xC^Jo 

{3.16) 

Lef us infroduce fhe following nofafion 

l{s) ■■= ( \u!^{s,Xs{uj)) - {s,Xs{ijj'))? dy{uj,uj') , for any s € [0, T]. 

Jc^xC^ 

Infegrafing each side of inequalify Il3.16t w.r.f. fhe variables (w, w') according fo y, implies 

'y{t) <2C0 ^a(. 0 f 'yiOds+ 2 {t+ 2 )C'j^j^{t) [ sup |Xs(w) - X„(a;')pdp(w,a;') , 

Jo JC'^xC’^ S<t 

for all f G [0, T]. In parficular, observing fhat j.^{a) is increasing in a, we have for fixed t g] 0, T] and 
all a G [0, t] 

'y{a) <2C0.A{t) [ 'y{s)ds+ 2{t + 2)C0.A{t) [ sup |X„(a;) - 2fs(w')p(ip(w, w') . 

Jo Jc^xC^ S<t 

Using GronwalTs lemma yields 

7 (f) := f \u^{t,Xt{uj)) - u'^ {t,Xt{uj'))\'^ dy{uj,uj') 

Jc^xC^ 

< 2{t + 2)C0_Ai0<O*'^‘^-'^^*'X sup |2fs(a;) - Xs(u;')p(ip(u;, w') . 

Jc^xC^ s<t 
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Injecting the above inequality in (I3.15t implies 

\y-y'?+ f sup |Xs(w) - 

JC^xC^ s<t 

The above inequality holds for any n G Il{m, m'), hence taking the infimum over p G n(m, m'} con¬ 
cludes the proof of II3.5II . 




Proof of Il3.6t . Lef (m, m') G 'P{C'^) x P(C^). The proof of (13.6t follows af fhe beginning fhe same lines 
as fhe one of (13.5k buf fhe inequalify (13.141 is replaced by 


\K{y'- xt)Vt{x,z) - K{y'- x^)Vt{x',z)\ < 2\K{y'- Xt) - K{y - x'^)\ \Vt{x,z)f 

+2\Vt{x,z)-Vtix',z')f\K{y'-x[)\^ 

< 2e^*^'^nmx{LK,2MKf{\xt-XtfAl) 

max(LA, 2MAftJ^ (\x', - A 


+ \Zs - Z. 




's?)ds 

(1-|-f)(sup IcCs - A 1)-I- f 

s<t Jo 


- z'A'^ds 


(3.17) 


which implies 


\t,y)-u^\t,y')\^ < 2(!:K,A(f)(f + 2)(l + e 2 ‘‘^---(‘))[| 2 /- 2 /' 


/ sup |Xs(w) — Xs(a;')p A 1 dp(a;,a;') 

Ic^xC^ s<t 


(3.18) 


where €K,A{t) ■= {ma.x{LK, 2 Mk)^ + 2M^ max(LA, 2MA)^f). This gives fhe analogue of (13.151 

and we conclude in fhe same way as for fhe previous ifem. 

Proof of the continuity of (m, f, x) x). 

P(C'^) X [0, T] X being a separable mefric space, we characferize fhe confinuify fhrough converging 
sequences. We also recall fhaf Wt is a mefric compatible with the weak convergence on V{C‘^), see 
Remark l3.5l a). 

By (13.51 , the application is continuous with respect to (m, x) uniformly wifh respecf fo time. Conse- 
quenfly if remains fo show fhaf fhe map 1 1 —>■ u'^{t, x) is confinuous for fixed (m, x) € V{C’^) x 
Lef us fix (m, fo, a;) G 'P{C'^) x [0, T] x R'^. Lef (fn)nGN be a sequence in [0, T] converging fo fo- 
We define Fn as fhe real-valued sequence of measurable functions on C‘^ such fhaf for all ui € C^, 


Fn{Lo) := K{x - Xt^{uj)) exp 


A(r, Xr{uj),u"^{r, Xr{uj))dr 


(3.19) 


Each w gC^ being confinuous, Fn converges poinfwise fo F : > R defined by 

F{u!) := K{x - Xt„{uj))exp A{r, Xr{uj),u"^{r, Xriu!))dJj . 

Since K and A are uniformly bounded, is a uniform upper bound of fhe functions Fn- By 

Lebesgue dominafed convergence fheorem, we conclude fhaf 


(3.20) 


\tn,x) - -«™(fo,x)| = 


Fn{oj)dm{u!) — / F{u!)dm{ui) 

Jc<‘ 


n—^-\-oo 


A 0 . 
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This ends the proof. 


• Proof of II3.7II . Lef {m,m') G V 2 {C'^) x 'P 2 {C'^)- 

Since K € L^(R'^), by Jensen's inequalify, if follows easily fhaf fhe funcfions x >—>■ u"'(r,x) and x i— 
It™ (r, x) belong to for every r G [0, T\. Then, for any p G n(m, m'), 




< 


f \u"'{t,y) - u'^'{t,y)\'^dy 
Jr'^ 

K{y - Xt(cc)) Vt{X{uj), u^iXiuj)))- 


L 


IC^xC^ 


K{y - Xt{oj')) Vt{X{uj'),u^\x{uj'))) dp(w,w') 


dy 


I 

JR 


R"! Jc^xC^ 


K{y - Xt{u)) Vt{X{u:),u^{X{w))) - 
K{y - Xt{uj')) VtiX{uj'),u"^'{X{uj')))\^ dy{uj, J) dy 

[ [ K{y-XtH)VtiXiuj),u^{X{c,)))- 

JC'^xC'^ jR'i 

K{y-Xt{J))Vt{X{uj'),u^\X{u^'))) \ydy{Lo,Lo') , 


(3.21) 


where fhe third inequality follows by Jensen's and fhe lafter inequalify is jusfified by Fubini fheorem. 
We infegrafe now bofh sides of (I3.13t , wifh respecf fo fhe sfafe variable y over for all {x,x') G 
xC‘^,{z,z') eC xC, 



\K{y - Xt)Vt{x, z)- K{y- x[)Vt{x', z')\^ dy < 



xt) - K{y - x[)\^\Vt{x, z)\^ dy 


+2 [ \Vt{x,z)-Vt{x',z')\^\K{y-x[)\^dy.{3.22) 
Jr<^ 


We remark now fhaf by classical properfies of Fourier fransform, since K G L'^{W^), we have 

V {x,0 e R'" X X{K,m = , 

where in this case, the Fourier transform operator T acfs from T^(R'^) fo L^(W^) and : y G R"^ 
/T(y — x). Since K G L^(R'^), PlanchereTs fheorem gives, for all (y, x, x') G x x C^, 

f \K{y - xt) - K{y - x[)\'^dy = [ \K^^{y) - K^'^{y)\'^dy 

JR'^ jR‘i 


Jr'^ 

< [ \XiKmf\^-{xt-x[)fd^ 

JR'i 

< \x,-x[f [ iXiKmfl^di 

jR-i 

= \x,-x[\^ [ ixixmed^ 

jR'i 

= \xt-x'f [ |J-(ViT)(0pdf 
jR'i 

= |x*-a:;n|VAll. (3.23) 
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Injecting this bound into i3.22\ . taking into account (I2.8t yields 

f \K{y - Xt)Vt{x,z) - K{y - x[)Vt{x’,z')\^ dy < 2\\VK\\l\xt - x[\'^ exp{2tMA) 

JS.'i 

+ 2MK\Vt{x,z)-Vt{x\z^)\^ 

< 2e^^^-\\VK\\l\xt-x^,\^ 

+4MKLle^*^H [ [|:r, - x'f + |z, - ds 
Jq 

< 2e^*^^^{2MKLlt'^+ \\yK\\l) sup \xr - x'^\^ 

0<r<t 


+AMKL\e^^^^t f \zs - -z'P ds 

Jo 


< CK.hit) 


sup \Xr - x'^]'^ + / \Zs-z'g\'^ds 
0<r<t Jo 


(3.24) 


for all (x, x') and (z, z') € C x C, with CkA^) ■= 2e^^^^{2MKLlt{t + 1) + \\VK\\l). 

Inserting (I3.24t into (13.2111 , after substituting X (w) with x, X{uj') with x', z with u"^{X (cj)) and z' with 
u™ {X{u}')), for any y G n(m, m'), we obfain fhe inequalify 

\\u^(t,-)-u^\t,-)\\l < CKAt)l [ snp \XriA-XrA)\^dyiiu;,u;') 

iJC'^xC'^ 0<r<t 

+ [ f \u^{s,XsiA) - AXsAAl'' dsd^,iuJ,A] ■ (3.25) 
Jc^xC^Jo J 

Since inequalify (13.5t is verified for all ?/ G , s G [0, T], we obfain for all ut, uj' G A 


\u^{s,Xs{A)-u^'is,XsA)W 


< 

< 


Ck,a{s) 

CkA^) 


[|X,(w)-X,(c^')l" +\Ws{m,m'A] 

sup |Xj.(w) — Xr(aj')P + IWs(m,rn')p 

_0<r<s 


Infegrafing each side of fhe above inequalify wifh respecf fo fhe fime variable s and fhe measure 
p G n(m, m!) and observing fhaf CkA^) increasing in s yields 


I := 


f f |it'"(s,Xs(w)) - It™ (s,Xs(u;'))pdsd/r(w,w') 

Jc^xC^ Jo 

< Ck,a{A [ sup \Xr{A ~ Xr{oj'A dfi{uj,uj') + \Wt{m,m'A ■ ( 3 . 26 ) 

.Jc^xC^ 0<r<t 


By injecting inequalify (I3.26t in the right-hand side of inequalify (I3.25t , we obtain 


||u™(f,.)-u™'(h.)||2 


< 


Cif.A(f)(l +fC'if.A(f)) / sup \XriA - XrAAdfl{u},U}') 

Jc^xC^0<r<t 

+tCKAt)CK,AitWt{m,m'A ■ (3.27) 


By taking the infimum over y, G n(m, m') on the right-hand side, we obtain 


||u™(f,.)-M™ (f, .)||2 < CK,A(f)(l-6 2fC'if,A(<))|Wt(m, m')p . 


(3.28) 


• Proof of (I3.8t . 

By fhe h 5 q)ofhesis 4. in Assumption [TJ K G i^(R‘^). Given a function g : [0, T] x R'^ —C, (s, x) !->■ 
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g{s, x ), we will often denote its Fourier transform in the space variable a; by (s,^) J^{g){s,^) instead 

of Tg{s, ■){^). Then for (w, s, £ O x [0, T] x the Fourier transform of the functions and u"* 
are given by 

(/ Hr, Xr(w), {r, Xr(uj)))dr^ dgco{uj) (3.29) 

X{u"^){s,^) = X{K){^) j exp A(^r,Xr{u}),u'^{r,Xr{uj)))dr^ dm{oj) . (3.30) 


To simplify notations in the sequel, we will often use the convention 

yriy)-=Vr{y,u''{y))=exp^J A{e,yg,u''{e,yg))de^ , 

where u'' is defined in dO, with m = V. 

In this way, relations 113.291 and (13.301 can be re-written as 

= HKm [ e-^^-^^yH^^{X{u;))dg^{w) 
Jc^ 

= HK){0 [ e-^^-^^yH^{X{cg))dm{u;) , 
Jc^ 


(3.31) 


for {ui,s ,0 G X [0,T] X R'^. 

For a function / G T^(R‘^) such that X{f) G L^(R‘^), the inversion formula of the Fourier transform is 
valid and implies 

fix) = -^ ! a: G R-' . (3.32) 

\/ZTT jRd 


/ is obviously bounded and continuous taking into account Lebesgue dominated convergence theo¬ 
rem. Moreover 

||/||oo< ^||.F(/)||i, (3.33) 

where we remind that || • ||i denotes the L^(R'^)-norm. As XiK) belongs to T^(R'^), from (13.331 applied 
to the function / = (s, ■) — u™(s, •) with fixed w G ft, s G [0, T], we get 


1 


E[|K(s,.)-«”^(s,-)||^] < ^E[||J-(«’’)(s,.)-.F(u™)(s,.)llf] 


< 


1 


E 






(3.34) 


where we recall that E is taken w.r.t. to (iP(a;). 

The terms intervening in the expression above are measurable. This can be justified by Fubini-Tonelli 
theorem and the fact that (ui,s,x) !->■ u^°is,x) is measurable from (tl x [0,T] x ® ,B([0,r]) (g) 

;B(R'^)) to (R, ,B(R)). We prove the latter point. By item 3. of this Lemma, we recall that the function 
{m,t,x) !->■ u'^it,x) is continuous on ViC^) x [0,T] x R'^ and so measurable from (P(C'^) x [0,r] x 
R‘^,Bi'P{C‘^)) 0 S([0, T]) (g) SjR"^)) to (R, S(R)). The application (w,t,x) !->■ {r]u>,t,x) being measurable 
from (ft X [0, T] x R'^, T ® S([0, T] 0 S(R'^))) to {ViC^) 0 S([0, T]) 0 S(R'^)), by composition the map 
{uj,s,x) !->■ u'^“{s,x) is measurable. By Fubini-Tonelli theorem (w,s,^) !->■ Xiu^“){s,^)) is measurable 
from (n X [0,T] x 0 S([0,T]) 0 S(R'^) to (C,S(C)) and (s,^) !->■ u^js,^) is measurable from 

([0, T] X R-^, S([0, T] 0 R'^) to (R, S(R). 
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We are now ready to bound the right-hand side of (13.34b . For all (w, s) G fi x [0, T], by (13.31b 




^-iGXs{bJ 


Jc^ 

Jc<i Jc^ 

(3.35) 


which implies 






< (f \X{Km\\AsA0\d^+ [ \X{K){0\\Bs,omd^) 

KJR'i JR-^ / 

< 2(/i^+/2^), (3.36) 


where 


:= (/m. |.F(K)(0P..40MC)' 
4% := (/r. |.F(K)(0||i?«...(e)|de)' , 


(3.37) 


and for all w € fl, s G [0, T] 

f ■= Ic<i e-^^-^A^^VJ^o^xiu:))dr,Uu:) - (X(u;))dm(u;) 

[ ■■= Jc. e-^^-^A^'>VJi-iX{io))dmiu:) - e-^^-^A^^Vr{X{uj))dm{Lo) . 


(3.38) 


We observe fhat (w, s, ^) Ag^aiO s, ^) !->■ i?s,w(0 are measurable. Indeed, fhe map 

(w,w,^) !->■ {X(uj)) is Borel. By Remark IZ^ we can easily show fhaf tiq^oj) 

is (sfill) a random measure when fl is replaced by [0,T] x R'^ x fl. Proposifion 3.3, Chapfer 3. of 
M fell us fhaf (w, s, ^) i—>■ e *^'^“*^‘^)t 7 J?“(X(a;))(l? 72 )(a;) is measurable. By use of Fubini's fheorem 
menfioned, measurabilify of A, B follows. 

Regarding Ag^^, lef denofe fhe function defined hy y G C‘^ g-< ys (y). Then, one can wrife 

As,cj = {ijui — m, Ps,j,cd), where (•, •) denofes fhe pairing between measures and bounded, continuous 
funcfionals. <Ps,^,q is clearly bounded by inequalities (12.8b and (13.5b imply fhe confinuify of 

Ps.j.w on (C'^, II • ||oo), for fixed (d), s,^) G fix [0, T] x R'^. By Cauchy-Schwarz inequalify we obfain for 
alld) G FI, s G [0,r] 


I},,. < mK)\u(^JjXiK)mAs,ofd^'^ 

< ||J-(iT)||i (^^JJ-(iT)(0||(r;^-m,p,,^,^)pde) . (3.39) 

Since fhe right-hand side of (13.39b is measurable, taking expectation w.r.t. dP(w) in both sides yields 


E[ll] < mK)h([ |J-(iT)(0|E[|(r?-m,p..y)|2]d^ 

KJr'^ 

< e^^^-\\X{K)\\A [ |J-(X)(e)| sup E[\{y-m,<p)\^]d^ 

\ JR'^ ipGCbiC<^) 

\ ll¥>lloo<l 

< e^^^-\\BiK)\\l sup E[|(r?-m,p)|2]. 

veCi,(c<i) 
ll¥>lloo<l 


(3.40) 
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Concerning the second term Bs,q, for all (s, S [0, T] x 




(x/Voi 


< 


{VJ>HXiu;))-VriXiu;)))dmiu;) 

cL 

\V,^^{X{uj))-Vr{X{u;))\^dm{u;) 


< e 

< se 

< se 


2sA4\ T 2 


dm{uj) , by (12.81 


L\ f [ u'^‘^{r,Xr{uj)) - u""{r,Xr{uj))dr 

Jc^ Jo 

^a[ [ {r,Xr{uj)) — u’^{r,Xr{uj))\^ dr dm{uj) 

Jc^ Jo 

r\\u'^-{r,-)-n^{r,-)\\ldr, (3.41) 

^0 


where we remind that functions {r,x,u!) G [OjTjxR'^xfl >->• u'^‘^{r,x) and {r,x) G [0,T]xIR‘^ >->• u^{r,x) 

are uniformly bounded. 

Taking into account II3.4H , the measurability of the function (w,r) G nx[0,T] i—?► ||M’’“(r, •) —M™(r, •)||^ 
and the Fubini theorem imply 


E[/2] < E 


/ \XiKm\ sup 

/B'^ {GR'^ j 


< E[sup |il,,(e)P mK)\\l] 


< se^^^-Ll\\XiK)\\l f\[\\u^ir,-)-u"^irr)\\l]dr. (3.42) 

Jo 

Taking the expectation of both sides in (13.361 , we inject (13.401 and (13.421 in the expectation of the 
right-hand side of (13.361 so that (13.341 gives for all s G [0, T] 


E[K(s,.)-«'"(s,-)IIL] < C2(s) rE[K(r,.)-u-(r,.)|lL]rf^ 

Jq 


- 6671 ( 3 ) sup E[|( 77 -to,p)|^], 

veCt(C‘') 

ll•Plloo<l 


(3.43) 


where 67i(s) := -^^e®'^^||J^(i 6 )||i and 672 (s) := -^^se^’^^^LW\X{K)\\‘l. On the one hand, since the 
functions and vX are uniformly bounded, E[||tt’’(s, •) — vX[s, Olloo^] is finite. On the other hand, 
observing that a !->■ 67i(a) and a 6 * 2 ( 0 ) are increasing, we have for all s g]0, T], o G [0, s] 

E[||o''(a, •)-«’"(«, OIIL] <C 2 (s) rE[||u''(r,-)-w’"(r,-)llL]'^r + 67i(3) sup E[\{r, - m,^)\^] . 

Jo wGChfC'^) 


veCi,(Ch 

¥>lloo<l 


By GronwalTs lemma, we finally obtain 


V s G [0,r], E[||u''(s,-) - u™(s,-)||L] < 67i(s)e'*^=(®) sup E[\{r] - m,(p)\'^] . (3.44) 

veCi,(Ch 

ll¥>lloo<l 


□ 


To conclude this part, we want to highlight some properties of the function u™, which will be used in 
SectionlZl In fact, the map {m,t,x) G 7 ^ 2 ( 6 *^) x [0,T] x 1 —>■ u"^{t,x) has an important non-anticipating 

property. We begin by defining the notion of induced measure. For the rest of this section, we fix t G [0, T], 
mt G V{Ct). 
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Definition 3.6. Given a non-negative Borel measure m on From now on, mt will denote the (unique) 

induced measure on {C^,B{Cf)) (with Cf := C([0, t], hy 

f F{(l))mt{d(j)) = f F{(jn )m{d(l)), 

Jcf JC'^ 

where F : Cf —> K is bounded and continuous. 

Remark3.7. Let t £ [0,T],m = 6^ £ C‘^. The induced measure, mt, on Cf is (5(j^|o<r<t)- 

The same construction as the one carried on in Lemma [3.21 allows us to define the unique solution to 
M’"‘(s,y)= - Xs(uj))exp A(r,Xr(uj),u"^*(r,Xr(uj)))dr) mt(duj) Vse[0,t]. (3.45) 

Proposition 3.8. Under the assumption of Lemma \3.2\ we have 

y{s,y) £ [0,t] X u"^{s,y) = u'^*{s,y). 

Proof. By definition of mt, it follows that u™(s, 2/)|[o,t]xR‘^ is a solution of (13.451 . Invoking the uniqueness of 
(13.451 ends the proof. □ 

Corollary 3.9. Let N £N, be {Qtfadapted continuous processes, where Q is a filtration (defined 

on some probability space) fulfilling the usual conditions. Let m{duj) = (“™(L2/)) is a 

{Qt)-adapted random field, i.e. for any {t,y) £ [0,r] x R'^, the process is (^Qtfadapted. 

3.2 Existence and uniqueness of the solution to the stochastic differential equations 

For a given m £V 2 (C'^), is well-defined according to Lemma [3. 2 1 Let Tq ~ Co- Then we can consider the 
SDE 

yt=Yt, + J*g(s,Ys,u'^(s,Yf)d.s, for any t G [0, T], (3.46) 

which constitutes the first equation of (11.41 . Thanks to Assumption[T]and Lemma|3]4]imp lying the Lipschitz 
property of u™ w.r.t. the space variable (uniformly in time), (13.461 admits a unique strong solution F™. We 
define the application 0 : V 2 (C'^) F 2 (C‘^) such that 0 (to) := C(Y^). The aim of the present section is to 

prove, following Sznitman IISTl , by a fixed point argument on 0 the following result. 

Theorem 3.10. Under Assumption^ the McKean type SDE (11.41 admits the following properties. 

1. Strong existence and pathwise uniqueness; 

2. existence and uniqueness in laiv. 

The proof of the theorem needs the lemma below. Given two reals a, b we will denote in the sequel 
a Ab := min(a, b). 

Lemma 3.11. Let r : [0,T] !->• [0,r] be a non-decreasing function such that r(s) < s for any s £ [0,T]. Let 
^ ■ f-iV) G [Oi’T] X — >■ R (respectively U' : (t,y) £ [0,T] x — >• R), be a given Borel function such that for all 
t £ [0, T], there is a Borel map Ut : C([0, t], R'^) —>• R (resp. u't : C([0, tJjR"^) —>• R) such thatU(t, •) =Ut(-) (resp. 
U'{L-)=U't(-)). 

Then the following two assertions hold. 


19 








1. Consider Y (resp. Y') a solution of the following SDEfor v = IA (resp. v = W): 


Yt = Fo + /o +/q , ^r(s), , F))ds , foTany t £ [0,T] 

(3.47) 

where, we emphasize that for all 9 £ [0,T], Z.^^g := {F„,0 < u < 9} G C{[0,9],'R‘^) for any continuous 
process Z. For any a G [0, T], ive have 


E[sup|F/-Ft|2] <C$,g(r)E 


t<ia 


UO 


|W(r(i),F^,(i))-W'(r(i),F;,(t))pdi 


(3.48) 


where C^,g{T) = 12(4L| + TL2)ei2'r(4i,|+TL=)^ 


2. Suppose moreover that 4) and g are globally Lipschitz w.r.t. the time and space variables i.e. there exist some 


(3.49) 


positive constants and Lg such that for any (t, t', y,' y', z, z') G [0, T]^ x x 

r mt, y, z) - $(i', y', Z)\ < L^{\t - F\ + \y- y'\ + |z - F|) 
1 \9{t, y, z) - git', y'. z')\ <Lg{\t-t'\ + \y-y'\ + \z- z'\) . 


Let ri,r 2 : [0,T] >->• [0,r] being two non-decreasing functions verifying ri{s) < s and r 2 (s) < s for any 
s G [0, T]. Let Y (resp. Y') be a solution of (I3.47t for v =U and r = ri (resp. v =U' and r = r 2 ). Then for 
any a G [0, T], the folloiving inequality holds: 

E[sup|F/-F,n < C^AT)(\\ri-r2\\l+ rE[\Yf^,^-Yf^,^f]dt 

t<a \ Jo 

+E [ / \U{n{t),Y^,,^tf-U'{r2it),YfrAt))\"dt 
Jo 

where || • II 2 is the L'^{[0,T])-norm. 


(3.50) 


Proof. 1. Let us consider the first assertion of Lemma 13.111 Lef F (resp. F') is solution of (13.471 wifh 
associated function W (resp. W). Let us fix a g] 0, T]. We have 


Yq — Yq — ag Y fg, 9 G [0, a], 


(3.51) 


where 


ag := 


($(r(s),F,(,),fi(r(s),F;,,(,))) - <l>(r(s), F;(,),f^'(r(s), F;,(,)))) dWs 
[9ir{s),Yr(,),U{r(^s),Y^r{s))) - giris),Y'f^,^^,U'ir{s),Yfr{s)))) ds . 


By Burkholder-Davis-Gundy (BDG) inequalify, we obfain 


Esup|ae| < 4E 
e<a 


Uo 


= 4 / E 


4>(r(s),Fr(,),W(r(s),FA^(^))) - <i>{r{s),Y’f^,),U'ir{s),Yf^f^^f) 
4'(r(s),F^(^),W(r(s),FAr(s))) - ^ir{s),Y^f^,),U'{r{s),Yf^^^f) 


ds 

ds 


< 8Ll E 


U{rl^s),Yr.Ys))-ld'iris),Yfris)) 


ds F 8L^ 


E 




ds . 
(3.52) 
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Concerning /3 in (I3.5H , by Cauchy-Schwarz inequality, we get 

]Esup|/3e|^ < oE [ \g{r{s),Yr(s),^{r{s),Y.^r{s))) - ds 


9<a 


Uo 


< 2aLg'E 


uo 


|W(r(s), - U\r{s), Y,'^^f^^^)\^ds 


+ 2clL^ I E 




ds . 
(3.53) 


Gathering (13.531 together with (13.521 and using the fact that r(s) < s, implies 

E[sup|F,'-r,|2] < 4(4L| + rL2) T |W(r(s), 

9 Ka \ JO 

< 4(4L| + TLl) (e[£ \Uiris), - W'(r(s), 

+ [ E[sup|r,-y,f]ds) , 

Jo e<s / 

for any a G [0, t]. 

We conclude fhe proof by applying Gronwall's lemma. 

2. Consider now fhe second asserfion of Lemma (13.111 . Following fhe same lines as fhe proof of asserfion 
1. and using fhe Lipschifz properfy of $ and g w.r.f. fo bofh fhe fime and space variables (13.491 , we 
obfain fhe inequalify 

E[sup|y/-r,p] < i2{4Ll + TLl)( r\n{t)-r,{t)\^dt+ Pe[\y;^^,^ - Y;^^,^\^]dt 

t<a \Jo Jo 

< 12(4C|+TL2) £,-t,\\ 1 +J\[\Y;^^,^-Y;^^,^\^]dt 

+E[f \U{rl{t),YAr^it))-i^'{r 2 {t),Y.'^^^^^^)fdt]+^ E[sup |W - y/l^] df) . 

Jo Jo s<t ) 

Applying again Gronwall's lemma concludes fhe proof. 

□ 


Proof of Theorem [3.10\ Lef us consider two probability measures m and m' in P 2 (C'^). We are interested in 
proving that 0 is a contraction for fhe Wassersfein mefric. Lef u := u^,u' := u"* be solufions of (13.11 relafed 
fo m and m'. Lef Y be fhe solufion of (13.461 and Y' be fhe solution of (13.461 wifh m! replacing m. 

By definition of fhe Wassersfein mefric (12.11 


|WT(0(m), 0(m'))P < E[sup |r/ - . 

t<T 


(3.54) 


Hence, we confrol |F/ — Yf. To fhis end, we will use Lemma [3.11l 

By usual BDG and Cauchy-Schwarz inequalities, as for example Theorem 2.9, Section 5.2, Chapfer 5 in 
1211 there exists a positive real Co depending on (T, M$, Mg) such that E[sup« 7 . \Yt\f < Cq (l -|- E[|FoP]) ■ 
Using Lemma [3.111 and Lemma [3.4l by applying successively inequality 13.481 and inequality 13.51 yields 

f E[sup|F;-W|2]dt + 

0 s<t 


E[sup|F/-Up] <C 

t<a 


|lUt(m, m')fdt 


(3.55) 
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for any a G [0, T], where C = C'$,g(T)C'if,A(r). 

Applying Gronwall's lemma to (13.551 yields 

E[sup \Yt - Y’f] < m’)fds . 

t<a Jo 

Then recalling (13.541 , this finally gives 


|W'a(0(m),0(m'))r < Ce' 


CT 


|Ws(m, m')f ds, aG [0,T]. 


(3.56) 


(3.57) 


We end the proof of item 1. by classical fixed point argument, similarly to the one of Chapter 1, section 1 of 
Sznitman E). 

Concerning item 2. it remains to show uniqueness in law for (11.41 . Let {Y^,m^), (F^, m^) be two solutions 
of (11.41 on possibly different probability spaces and different Brownian motions, and different initial con¬ 
ditions distributed according to (^o- Civen m G 7^2 (C'^), we denote by 0(m) the law of Y, where Y is the 
(strong) solution of 


Yt = Yo^+ ^sX,u'-^{sX))dWs+ g{sXs,u'^{sXs))ds , 


(3.58) 


on the same probability space and same Brownian motion on which Y^ lives. Since is fixed, Y^ is 
solution of a classical SDE with Lipschitz coefficients for which pathwise uniqueness holds. By Yamada- 
Watanabe theorem, Y^ and Y^ have the same distribution. Consequently, 0(m^) = CX'^) = dlX^) = 

It remains to show that = F^ in law, i.e. iX = rn?. By the same arguments as for the proof of 1., we get 
(13.571 , i.e. for all a G [0, T], 

\Wa{CX^)XX^))? = \Wa{e{m^),e{X)X < [ {Wsim^mX^ds. 

Jo 

Since 0(m^) = and 0(m^) = rri^, by CronwalTs lemma = rri^ and finally F^ = F^ (in law). This 
concludes the proof of Proposition 13.101 □ 


4 Strong Existence under weaker assumptions 


Let us fix a filtered probability space (fl,7^, (J^t)t>o,P) equipped with a p dimensional (J^t)t>o-Brownian 
motion {Wt)t>o- 

In this section Assumption|2]will be in force. In particular, we suppose that is a Borel probability measure 
having a second order moment. 

Before proving the main result of this part, we remark that in this case, uniqueness fails for (11.41 . To 
illustrate this, we consider the following counterexample, which is even valid for d = 1. 


Example 4.1. Consider the case ^ = g = 0, Xq = 0 so that = <io- This implies that Xt = 0 is a strong solution 
of the first line of (11.411 . Since u{0,.) = {K * Co)(‘)/ have u(0, •) = K. 

A solution u of the second line equation of (11.41 , will be of the form 


u{t,y) = 7T(y)exp 


A(r, 0, u(r, 0))dr 


(4.1) 


for some suitable A fulfilling Assumption^ 1. We will in fact consider A independent of the time and f3{u) := 
A(0,0, u). Without restriction of generality we can suppose K{0) = 1. We will show that the second line equation 
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of (II.4t is not well-posed for some particular choice of p. 

Now (IQ becomes 

u{t,y) = K{y)exp I3{u{r,0))dr^ 
By setting y = 0, we get fft) := u{t, 0) and in particular, necessarily we have 


(4.2) 


4){t) = exp 





(4.3) 


A solution u given in 63 is determined by setting u{t, y) = K {y)(j){t). Now, we choose the function /3 such that for 
given constants a £ (0,1) and C > 1, 


j3{r) 


|r-l|“ ,z/re[0 ,C'] 

|C-1|“ ,ifr>C 
1 , ifr<0. 


(4.4) 


P is clearly a bounded, uniformly continuous function verifying /3(1) = 0 and /3(r) ^ 0,/or all r / 1. 

We define F : M —^ R, by F{u) = :p^^dr. F is strictly positive on (1, +oo), and it is a homeomorphism 

from [1, +oo) to R+, since = oo. 

On the one hand, by setting fit) := F~^{t),for t > 0, we observe that f verifies f'{t) = f{t)P{f{t)),t > 0 and 
so f is a solution of (14.311 . 

On the other hand, the function f = 1 also satisfies (14.3t . with the same choice of A, related to p. This shows the 
non-uniqueness for the second equation of (ll.4t . 

The main theorem of this section states however the existence (even though non-uniqueness) for (II.4t . 
when the coefficients $ and g of the SDE are Lipschitz in {x,u). 

Theorem 4.2. We suppose the validity of Assumption^ (ll.4> admits strong existence. 


The proof goes through several steps. We begin by recalling a lemma, stated in Problem 4.12 and Remark 
4.13 page 64 in ||2T]| . 

Lemma 4.3. Let (Pn)n>o be a sequence of probability measures on converging in law to some probability P. Let 
{fn)n>o be a uniformly bounded sequence of real-valued, continuous functions defined on C/ converging uniformly 
on every compact subset to some continuous f. Then / fn{uj)dFn{w) ->■ / f{uj)dP{uj). 

fed n +00 /grf 

Remark 4.4. We will apply several times Lemma \43\ We will verify its assumptions showing that the sequence (/„) 
converges uniformly on each bounded ball ofC^. This will be enough since every compact ofC^ is bounded. 

We emphasize that the h 5 rpothesis of uniform convergence in Lemma [4. 3 1 is crucial, see Remark l9.1l 
We formulate below an useful Remark, which follows by a simple application of Lebesgue dominated 
convergence theorem. It will be often used in the sequel. 

Remark 4.5. Let A : [0,T] x x R — R be a Borel bounded function such that for almost all t G [0,T] 
A(t, •,•) is continuous. The function F : [0,T] x x C — > R, xq G R, defined by F{t,y,z) = K{xo — 
yt) exp ^ Jg A(r, yr, Zr)dr'j is continuous. 

Lemma 4.6. Let (A„)„gN be a sequence of Borel uniformly bounded functions defined on [0, T] x R'^ x R, such that 
for every n, A„(t, •, •) is continuous. Assume the existence of a Borel function A : [0, T] x R'^ x R —R such that, 
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for almost all t G [0, T], .) — A(t ,.)] -^ 0, uniformly on each compact o/R'^ x R. Let xq G R'^, we 

^ n —>■ +00 


denote by F^F : [0, T] x C“ x C —>■ R, the maps 

Fn{t,y,z) := K{xo - yt)ex.p (^J A„(r,yr,2r)^ and F{t,y, z) := K{xo - yt) exp A{r,yr,Zr)^. 

Then for every M > 0, F„ converges to F when n goes to infinity uniformly with respect to {t,y,z) G [0,r] x 
Bd{0,M) X Bi{0,AI), with Bk{0,M) := {y G C'", \\y\\oc ■= sup„g[o_T] |y«l < M} for k G N*. 

Proof. We want to evaluate IIII oo,M := sup \Fn{t,y, z) - F{t,y, z)\. 

(t,y,z)e[0,T]xBd(O,M)xBi(O,M) 

Since (A„)„>o are uniformly bounded, there is a constant A/a such that 

VrG[0,r], sup |A„(r,j/^,4) - A(r, 2 /^,z^)| < 2Ma. 

(y'.z')6Srf(O.M)xBi(O.M) 

By use of (12.7> , we obfain for all (f y, z) G [0, T] x Bd{0, M) x Bi{0, M), 

\Fn{t,y,z)-F{t,y,z)\<MKexp{Mff)l sup |A„(r,4) - A(r,?/^, z')|dr, (4.5) 

Jo (y',z')6-Bd(0,M)xBi(0,M) 

which implies 

IIP™ - P||oo,M < A/Arexp(MA) /" sup |A„(r, 4, 4) “ A(r, 4, 4)M^- (4-6) 

Jo (y'. 2 ')eBd(O.M)xBi(O.M) 

By Lebesgue's dominafed convergence fheorem, we have 


/ sup |A„(r,4,4) - A(r,4,4)l 

Jo (i/',2')6Sd(O.M)xBi(O.M) 

which concludes fhe proof. □ 

Lemma 4.7. Let An, A be as stated in Lemma I4l6l Let (y")„gN be a sequence of continuous processes. We set 
:= Un{-, P") where for any {t, x) G [0, T] x R'^ 

I Un{t,x) := K(x - Xt(w)) exp A„(r, Xr(w),Un(r, Xr(uj)))drj dm’^(uj) 

\ m” := £(F”) . 

Suppose moreover that := C{{Y^, Z^)) converges in laiv to some probability measure u on x C. Then Un 
pointwisely converges as n goes to infinity to some limiting function u : [0, T] x R'^ —>• R such that for all it, x) G 

[0,r] X R-^, 

u{t,x) := I K{x — Xt{uj)) expl j A(^r, Xr{u}), Xn{uj'))dr\ du{uj,uj') . (4.8) 

Jc^xC Wo J 

Remark 4.8. (u„)„>o is uniformly bounded by AIk exp{MAT). 

Proof. Observe fhaf u„(f x) = K{x — Xt{uj)) exp | A„(r, ^/^(a;), X'(w'))dr| du"(uj, ui'). Lef us fix 

f G [0, T], a; G R'^. Lef us infroduce fhe sequence of real valued functions (fn)neN and / defined on x C 
such fhaf 

fn(y,z) = K(x-yt) exp^J A„(r,w)dr| and f(y,z) = K(x-yt)exp^J A[r,yj.,Zr)dr'^ . 

By Remark 14.51 /„ and / are continuous. 

By Lemma 14.61 if follows fhaf /„ -;> / uniformly on each closed ball (and fherefore also for each 

n —> +00 

compacf subsef) of x C. Then applying Lemma [4.3l and Remark l4.4l wifh x (3, P = ^, P” = allows 
fo conclude. □ 
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In fact, the pointwise convergence of {un)n>o can be reinforced. 

Proposition 4.9. Suppose that the same assumptions as in Lemma \4J\ hold. 

Then the sequence (un) introduced in Lemma WJ\ also converges uniformly to u : [0,T] x ^ K defined in 
gj, on each compact of [0, T] x In particular u is continuous. 

Proof. We fix a compact C of The restrictions of to [0, T] x C are uniformly bounded. Provided we 
prove that the sequence Un\[o.T]xC is equicontinuous, Ascoli-Arzela theorem would imply that the set of 
restrictions of Un to [0, T] x C is relatively compact with respect to uniform convergence norm topology. 

To conclude, given a subsequence ) it is enough to extract a subsubsequence converging to u. Since 
the set of restrictions of to C is relatively compact, there is a function v : [0, T] x C —?► R to which Urn, 
converges uniformly on [0, T] x C. Since, by Lemma lATl converges pointwise to u, obviously v coincides 
with u on [0, T] x C. 

It remains to show the equicontinuity of the sequence (m„) on [0, T] x C. We do this below. 

Let e' > 0. We need to prove that 3(5, ?7 > 0, V(t, x), {t', x') G [0, T] x C, 

\t — t'\ < 5, \x — x'\ < 1 ] => Vn e N, \un{t, x) — u„(t', x')\ < e'. (4.9) 

We start decomposing as follows: 

\Unit,x) - Un{t',x')\ < \{Un{t,x) - Un{t,x))\ + \{Un{t,x') - Un{tfx'))\. (4.10) 

As far as the first term in the right-hand side of (14.1011 is concerned, we have 

\un{t,x) - Un{t,x')\ < f^.d\K{x-Xt{uj))-K{x'-Xt{uj))\exp{MfJ')drn^{uj), 

< eyi]){M\T)LK\x — x'\, 

where the constant Ma is an uniform upper bound of (|A„|, n > 0). 

We choose y = 

\{Unit,x) - U„{t,x'))\ < —, 

for x,x' G C such that \x — x'\ < y and t G [0, T]. 

Regarding the second one we have 

\Un{t,x') - Un{t',x')\ < Bi + B 2 , (4.13) 

where 

■^1 ■= Jcd[K{x' - Xt{uj)) - K{x' - Xtfuj))] exp|/g A„(r,A,.(w),'u„(r,Ar(w)))dr|dm”((w)) 

B 2 := K{x'- Xtfuj)) [exp^J* An{r,Xr{u}),Unir,Xriuj)))dr'^- 
exp|/g A„(r, Xr{ui),Un{r, Xriuj)))dr'^]dm'^{ui) 

(4.14) 

We first estimate B^. We fix e > 0. Let us introduce the continuous functional —> d([0, T] x C, R) 

given by 

F :y^ (^{t,x')G [0, T] X R'^ (-)► K {x' - yt)^ , 

where we denote by C([0,r] x C, R) the linear space of real valued continuous functions on [0,r] x C, 
equipped with the usual sup-norm topology. Since (T"")neN converges in law, the sequence of r.v. 


(4.11) 


(4.12) 
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:= F{Y'^){t, x'), {t, x') S [0, T] x C')nGN indexed on [0, T] x C, also converges in law. In particular, the 
sequence of their corresponding laws are tight. 

An easy adaptation of Theorem 7.3 page 82 in IITOl (and fhe firsf parf of ifs proof) fo fhe case of random 
fields shows fhe exisfence of > 0 such thaf 


Vn e N, misj < e , 


(4.15) 


wherefl^^ := <( w e fl sup \K{x- K{x'-Y^^{u:))\> e). 

In fhe sequel of fhe proof, for simplicify we will simply write fl” := Suppose that \t — t’\ < S^. 
Then, for all x' £ C 


B, = 


E 


[k{x' - Yn - K{x' - Y,7)) exp { £ A(r, F", u^{r, Y^)} 


where 


We have 


and 


< exp(MAT)E \K{x' - F*") - K{x' - Y^?)\ 
= exp(MAT) (Ji(e,u)+/ 2 (e,n)) , 


h{e,n) := e[|A(x' - Y^ - K{x' - F,7)| lo 
h{e,n) := e[|A(x'- F") - A(F - F,7)| !(□„) 

/i(e,n) < 2MA-P(fl”) < 2MKe , 


/2(£,n) <eP((T!^)") <£. 

Af fhis poinf, we have shown fhaf for \t — t'\ < 5e, x' £ C, 

Bi < £{2 Mk + 1) exp(MAT) . 

We can now choose £ := ^ 2 Mk+i) < %• 

Concerning fhe ferm B 2 , using (12.7t , we have 


(4.16) 

(4.17) 

(4.18) 

(4.19) 

(4.20) 

(4.21) 


B2 < y\K{x'- Xt,{u:))\ 


^{fo ^n{r,Xriu]),u„{r,Xriuj))^dr'^ _ A„ (r, (i^) ,«n (r.^Tr (<^))) dr} 

< Micexp(MA)/^d dm’^(u;) A„(r,Ar(u;),u„(r,Ar(a;)))dr 

< Mk exp{MA)MA\t — t'\ . 


dnrY{uj) 


(4.22) 


We choose 5 = min((5e, ^MKMAexpiMA) ~ ^ have B 2 < y. By addifivify i?i + il 2 < ^ and 

finally, taking into account (14.1211 and (14.131 , (14.91 is verified. This concludes fhe proof of Proposition |4)9] 

□ 

Regarding fhe limif in Lemma [4.71 we can be more precise by using once again Lemma [4.31 and Remark 
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Proposition 4.10. Let A„, A be as in Lemma \4M Let (F") be a sequence of valued continuous processes, whose 
law is denoted by to”. Let Un : [0, T] x —>• M as in (14.711 . Let Zf := Un{t, Yf),t G [0, T], 

We suppose that (F”, F”) converges in law. 

Then (u„) converges uniformly on each compact to some continuous m : [0, T] x R which fulfills 

u{t,r])= [ K{ri - Xt{uj))exp [ [ A{r, Xr{uj),u{r, Xr{u;)))dr)dm{uj), (4.23) 

Jc^ Jo 

where m is the limit o/(to”)„>o. 

Proof. Without loss of generality, the proof below is wriffen wifh d = 1. By Lemma [4.71 fhe leff-hand side 
of (14.71 converges poinfwise fo u, where u is defined in (14.811 . By Proposifion 14.91 fhe convergence holds 
uniformly on each compacf and u is confinuous. If remains fo show fhaf u fulfills (14.231 . For fhis we will 
fake fhe limif of fhe righf-hand side (r.h.s) of (14.71 and we will show fhaf if gives fhe r.h.s of (14.231 . For 
n G N, (r, a:) G [0, T] x R, we sef 

A„(r,x) := A„(r,x,u„(r,a;)) 

A(r, x) := A(r, X, u(r, x)). 

We fix (f, Tj) G [0, T] X R. In view of applying Lemma [4.3l we define fm f ■ C ^ M. such fhaf 

fn{y) = K{r]-yt)exp{ J An{r,yr)dr) 

f{y) = K{v-yt)e^p{ Hr,yr)dr) . 

Jo 

We also sef P” := to”. Since (F”, F”) converges in law fo v, m” converges weakly fo to. Moreover, since 
|A„| are uniformly bounded wifh upper bound Ma, (/n) are also uniformly bounded. 

The maps (/„) are confinuous by Remark l4.5l and also fhe funcfion / since, u is confinuous on [0, T] x R. 
Taking info accounf Remark l4.41 we will show fhaf fn-^f uniformly on each ball of C. 

Lef us fix M >0 and denofe Bi{0,AI) := {y G C,||y||oo := |?/s| < M}. For any locally 

bounded funcfion ^ : [0, T] x R —>• R, we sef ||(/)||oo,m := sup^gjQ |(^(s, ^)|. Lef e > 0. 

Since Un ^ u uniformly on [0, T] x [—M, M], fhere exisfs no G N such fhaf, 

n > no ||n„ - ulloo.M < e • (4-26) 

The sequence nn|[o,T]x[-M,M] is uniformly bounded. Lef Im be a compacf inferval including fhe subsef 
{Un{s,x) I (s,x) G [0,T] X [-M, M]}. 

For all (s, x) G [0, T] x [—M, M], 

|A„(s,x) - A(s,x)| = |A„(s,x,m„(s,x)) - A(s,x,u(s,x))| 

< |A„(s, X, Un{s, x)) - A(s, X, u„(s, x))| + |A(s, X, M„(s, x)) - A(s, X, m(s, x))| 

:= /i(n, s,x)+/ 2 (n, s,x) . 

(4.27) 

Concerning Ii, since for almosf all s G [0, T], A„(s, •, •) -A(s, •, •) uniformly on [—M, M] x Im, we 

n —F OO 

have for x G [—M, M], 

0</i(n, s,x)< sup |A„(s, X, ^) — A(s, X, ^)| - > 0 ds-a.e., 

xG[-M,M],^elM n-> oo 


(4.24) 

(4.25) 
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from which we deduce 

sup Ii{n,s,x) - > 0 ds-a.e. (4.28) 

xe[-M,M] raoo 

Now, we treat the term 12- Taking into account (14.2611 , we get for n > uq (ng depending on e), 

0< sup h{n,s,x)< sup |A(s, a;, ^i) - A(s, x,^ 2 )! (4.29) 

se [ 0 ,T] .a:G [-M.M] sC [0,T] ,a;e [- M,M], 15i -{2 I <e 

We take the lim sup on both sides of (14.2911 , which gives, 

limsup sup l 2 [n, s,x) < Sie), (4.30) 

n —>00 sg[o,T],xe[-M,M] 

where S{e) := sup,,g[o ,.g[_M.M].|Ci- 52 |<e 1^(5. a:, ^ 1 ) - A(s,a;,^ 2 )|- Summing up ( 14.281 , (14.301 and taking 
into account (14.27k we get, 

0 < limsup sup IA„(s,x) — A(s,a:)| < S(e) ds-a.e. (4.31) 

ra->-oo x^[-M,M] 

Since A satisfies Assumption|2j the uniform continuity of (x, ^) € R x R 1 —A(s, x, ^) (uniformly with respect 
to s) holds and liiUe_ >0 >S'(e) = 0. 


Finally, 


Now, for n > no we obtain 


sup |A„(s, x) — A(s, x)\ - > 0 ds-a.e. 

xe[-M,M] 


n 00 


(4.32) 


suPygBi(o.M) l/™(2/) -/(2/)l < exp(AfAT)/J’sup^g[_M_M] |A„(r,x) - A(r,x)|dr-. (4.33) 


Since (A^), A are uniformly bounded, (I4.32t and Lebesgue's dominated convergence theorem, the right- 
hand side of (I4.33t goes to 0 when n —s> 0. This shows that /„ —s> / uniformly on i?i(0, M). 


We can now apply Lemma [4.3l (with P„ and /„ defined above) to obtain, for n — 00 , 

J K{r] - Xt{uj)) exp An{r, Xr{u}),Unir, Xr{uj)))dr^ dm'^iuj) 


converges to 


/ K{r] — Xt^uj)) exp I / A{r, Xr{uj),u{r, Xr{uj)))dr\ dm^uj) 


Jc \Jo / 

which finally proves (I4.23t and concludes the proof of Proposition 14.101 □ 

At this point we state simple technical lemma concerning strong convergence of solutions of stochastic 
differential equations. 


Lemma 4.11. Let Rq be a square integrable random variable on some filtered probability space, equipped with a p 
dimensional Brownian motion W. Let : [0,r] x R'^^p and bn : [0,T] x R'^ —^ R"^ Borel functions 

verifying thefolloiving. 

• 3L > 0, for all (x, y) e R'^ x R'^, sup„>Q |a„(t,x) - a„(t, y)| -I-sup„>o \bn{t,x) - &„(hy)| < T|x - y|; 

• 3c > 0, for all x € R'^, sup„>Q(|a„(t, x)| -I- |&„(t,x)|) < c(l -|- |x|); 
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• (a„), {bn) convergepointivise respectively to Borelfunctions a : [0, T] x and b : [0, T] x R'^. 


Then there exists a unique strong solution of 

( dYt = a{t, Yt)dWt + b{t, Yt)dt 

i >0 = ■ 

Moreover, let for each n, let the strong solution X" (which of course exists) of 


(4.34) 


Then, 


dYf = an{t, Yf)dWt + bn{t, Yf)dt 
Yf = Ro. 


(4.35) 


sup \Yf - Yt\ - - -^ 0. 

t<T ^ —>■ 


Proof. The existence and uniqueness of Y follows because a, b are Lipschifz wifh linear growfh. 

The proof of fhe convergence is classical: if relies on BDG and Jensen inequalities fogefher wifh GronwalTs 
lemma. □ 


Now, we are able fo prove fhe main resulf of fhis secfion. 

Proof of Theorem \L2\ Lef To be a r.v. disfribufed according to Co- We set 

: (f,a::,C) e [0,T] X R'^ X R H-A„(f,a::,C) := f fni^ - xi)(j)n{^ - ii)A{t,xi,^i)dxid^i, (4.36) 

where {(j>n)n>o is a usual mollifier sequence converging (weakly) to the Dirac measure. Thanks to the 
classical properties of fhe convolufion, we know fhaf A being bounded implies 

Vn e N, ||A„||oo < ||</>nllLi||</>n||Li||A||oo = ||A||oo- For fixed n e N, (/>„ is Lipschifz so fhaf < |4.36t says fhaf A„ 
is also Lipschifz. Then, for fixed n G N, according fo Assumption |2j 4>, g, An are Lipschifz and uniformly 
bounded, we can apply fhe resulfs of Secfion|3(see Theorem l3.10t fo obfain fhe exisfence of a pair (X”, u„) 
such thaf 

r dYf = ^t,Yf, Unit,Yf))dWt + g{t,Yf, Unit,Yf))dt 

I Fo" = Fo, (4.37) 

[ Unit, x) = E[Kix - Yf) exp ( J* A„(r, Yf, Unir, Yf))dr)]. 

Since A„ is uniformly bounded and {Fq"} are obviously fighf. Lemma 19.31 in fhe Appendix gives fhe 
exisfence of a subsequence (n^) such fhaf (F"'“, (-, F"'")) converges in law fo some probabilify measure 

u onC‘^ X C. By Assumpfion|2j for all t G [0, T], A„(<, •) converges fo A(f, -, •), uniformly on every compacf 
subsef of R'^ X R. 

In view of applying Proposition 14.101 we sef := Un^it,Yf'‘) and m”'= := £(F"'‘). We know thaf 
(A„^), A safisfy fhe h 5 rpofheses of Lemma 14.61 On fhe ofher hand (F"'=, Z"'') converges in law fo v. So we 
can apply Proposition 14.101 which says fhaf ) converges uniformly on each compacf fo some u which 
verifies (I4.23t , where m is fhe firsf marginal of u. In particular we emphasize fhaf fhe sequence (F"'“) 
converges in law fo m. 

We confinue fhe proof of Theorem l4.2l concenfrafing on fhe firsf line of (|1.4t . 

We sef, for all {t, x) G [0, T] x R'^, fc G N, 
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(4.38) 


ak{t,x) := ^{t,x,Unk{t,x)) 

bk{t,x) := g{t,x,Unk{t,x)) 
a{t,x) := ^{t,x,u(t,x)) 

b{t,x) := g{t,x,u{t,x)) . 

Here, the functions u„ being fixed, fhe firsf equafion of (I4.37t is a classical SDE, whose coefficienfs depend 
on fhe (deferminisfic) confinuous function By Remark 13.11 fhe functions appearing in (14.371 are 
Lipschifz wifh respecf fo fhe second argumenf and bounded. This implies fhaf fhe coefficienfs are 

Lipschifz (wifh consfanf nof depending on k) and uniformly bounded. 

Since (unt) converges poinfwise fo u, fhen (at), (6fc) converges poinfwise respecfively fo a,b where 
a(t, x) = <i>(f, X, u(t, x)), b{t, x) = git, x, u(t, x)). 

Consequenfly, we can apply Lemma f4.11l wifh fhe sequence of classical SDEs 


= au{t, Yr'‘)dWt + buit, Y,^>‘)dt 

= Y^, 


(4.39) 


fo obfain 


sup|r”'“ -y*! 


L=(n) 


-> 0 , 


t<T 


+ 00 


where Y is fhe (sfrong) solufion fo fhe classical SDE 


dZt = a{t, Zt)dWt + b{t, Zt)dt 
Zq = Vo 

a{t,x) = ^(t,x,u{t,x)) 
b(t,x) = g{t,x,u{t,x)) . 


(4.40) 


We remark fhaf Y verifies fhe firsf equafion of (11.41 and fhe corresponding u fulfills (14.231 . To conclude fhe 
proof of Theorem 14.21 if remains fo identify fhe law of Y wifh m. Since 1""'“ converges sfrongly, fhen fhe 
laws of converge fo fhe law of Y, which by Proposition |4T0j coincides necessarily fo m. 

□ 


5 Weak Existence when the coefficients are continuous 


In fhis section we consider again (|1.41 i.e. problem 


Yf, = Yn 


■ fg $(r, Yr, u(r, Yr))dWr + fg g(r, Yr, u(r, Yr))dr 


wifh ^0 ^ Co , 


fo I Jo y^r, -v , i Jq 

u{t, x) = /gd dm{oj) ^K{x — Xt{u})) exp A(^r,Xr{io),u{r,Xr{oj)))dr'^^ , for (f,x)G[0,T]x 


[ £iY) = m , 

(5.41) 

buf under weaker conditions on fhe coefficienfs g, A and inifial condition Co- In thaf case fhe exisfence or 
fhe well-posedness will only be possible in fhe weak sense, i.e., nof on a fixed (a priori) probabilify space. 
The aim of fhis secfion is fo show weak exisfence for problem (15.411 , in fhe sense of Definifion l2.7l under As- 
sumpfion|3 The idea consisfs here in regularizing fhe functions 4> and g and fruncafing fhe inifial condition 
Co to use existence result stated in Section|4j i.e. Theorem l4.2l 


Theorem 5.1. Under Assumption^ the problem (11.411 admits existence in law, i.e. there is a solution (Y, u) of (15.411 
on a suitable probability space equipped with a Brownian motion. 
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Proof. We consider the following mollifications (resp. truncations) of the coefficients (resp. the initial con¬ 
dition). 

: {t,x,0 G [0,r] X X K ,r)dr'dr 

9n ■■ {t,x,C> G [0,r] X R"* X R 1 -^ - r')(j)rii^ - r)g(t,rfr)dr'dr (5.42) 

Vp G Cb(R'^), /jj^ Q{dx)ip{x) = /jjrf Co(dx){-n V ip{x)) A n . 

We fix a filtered probability space (fl, P) equipped with an (7't)i>o-Brownian motion W. First of all, we 
point out the fact that the function A satisfies the same assumptions as in Section |4] On the one hand, by 

(15.421 , since fn belongs to 5(R‘^), and gn are uniformly bounded and Lipschitz with respect to 

uniformly w.r.t. t for each n G N. Also Co admits a second moment and (Co) weakly converges to Co- On 
the other hand For each n, let Yff be a (square integrable) r.v. distributed according to Co • By Theorem 14. 2 1 
there is a pair (!"", u") fulfilling (11.4b with T*, 5 , Co replaced by Co • Iri particular we have 


y" = ^o” + fo Vf,Un(r, Y,^))dWr + /o 5„(r, Y,^, u„(r, Yf))dr , with Fq" ^ Co" , 


Un{t,x)= f^^dnY{uj) K{x - Xt{uj)) exp^J* A{r,Xr{uj),Un{r,Xr{uj)))dr'^ 
£(F") = 


, for (t, x) G [0, T] X R'^ 

(5.43) 


Remark 5.2. Similarly to Remark \4^ (\u„ |ir.>n is uniformly bounded by Mk exp{MA_T). 


Setting F” := u„(-, F"))), in the sequel, we will denote by the Borel probability defined by £(F”, F"). 
The same notation will be kept after possible extraction of subsequences. 

Since (Co) ngN weakly converges to Co/ h is tight. By Remark l5.2l and Lemma [9.31 there is a subsequence 
{^"'=1 which weakly converges to some Borel probability u on x C. For simplicity we replace in the 
sequel the subsequence (rik) by (n). Let (F”) be the sequence of processes solving (15.43b . We remind that 
mP denote their law. The final result will be established once we will have proved the following statements. 


a) u" converges to some (continuous) function u : [0, T] x R*^ —>• R, uniformly on each compact of [0, T] x R'^, 
which verifies 

V(La;) G [0,T] X R'^, M(t,a;) = J K{x — Xt{uj)) exp A(^r, Xr{uj),u{r, Xr{u!))))dr^ dm{uj) 

where m is the limit of the laws of F”. 


b) The processes F" converge in law to F, where F is a solution, in law, of 

f Ft = Fo -I- f* 4>(r, Yr, u(r, Yr))dWr + f* g(r, Yr, u(r, Yr))dr 

1 >o-Co. 


(5.44) 


Step a) is a consequence of Proposition l4.10l with for all n G N, A„ = A. 

To prove the second step b), we will pass to the limit in the first equation of (15.43b . To this end, let us denote 
by C'o(R‘^), the space of C'^(R^) functions with compact support. Without loss of generality, we suppose 
d = 1. We will prove that to is a solution to the martingale problem (in the sense of Stroock and Varadhan, 
see chapter 6 in Ii30l ) associated with the first equation of (15.41b . In fact we will show that 

I Vp G C^(R), t G [0, T], Mt := p(At) - p(A:o) - f*(Ar‘p)(Xr)dr, is a -martingale, where 
1 , t G [0, T]) is the canonical filtration generated by X, 
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where we denote (a;) = x,u{r, x)))ip''(x) + g{r, x,u{r, x))ip'(x), rG [0,T],xGR'^. 

Let 0 < s < t < T fixed, F : C([0, s], R) —R continuous and bounded. Indeed, we will show 


G C'2(R), E™ - ^{Xo) - J^{Ar^)iXr)dr'^ F{Xr,r < s) 


= 0 


(5.46) 


We remind that, for n G N, by definifion, m” is fhe law of fhe sfrong solution F” of 

F- = F"+ [ $„(r,F,",u„(r,y,"))dW,+ [ 5 „(r, F,", u„{r, F,"))dr , 
Jo Jo 

on a fixed underlying probabilify space (ft, F, P) wifh relafed expecfafion E. 

Then, by Ifo's formula, we easily deduce fhaf Vn G N, 


E 


p(F,") - p(F,") - I' (r, F,", F,"))p"(F,") + g„(r, F,", u„(r, F,"))p'(F,")) dr^ F{Y;^, r < s) 

(5.47) 

Transferring fhis fo fhe canonical space C and fo fhe probabilify m" gives 


= 0 . 


E” 


p(Xt) - ip{Xs) - Xr,Un{r, Xr))(p" (Xr) + gn{r, Xr, Un{r, Xr))(p'{Xr)j dr^ F{{Xu,0 <u<s)) 

(5.48) 


From now on, we are going fo pass fo fhe limif when n —> +c» in (15.48b fo obfain (15.45b . Thanks fo fhe 
weak convergence of fhe sequence m", for p G Cq (R'^), we have immediafely 


E"*" [(p(Xt) - (p(X,)) F(F„, 0 < u < s)] - E™[(p(Ft) - p(X,)) F(X„, 0 < u < s)]-^ 0. (5.49) 

n —F oo 

If remains fo show. 


r lim„^ooE™"[iT"(X)F(F „,0 < u<s)]= E-[F(X)F(X„, 0 < u < s)], 

< wifhiT"(a):= ar,Un{r, ar))ip’'(ar) + gn(,r, ar,Un{r, ar))ip’{ar)dr, (5.50) 

[ H{a) := J*{J^‘^{r,ar,u{r,ar))ip''{ar) + g{r,ar,u{r,ar))ip'{ar)dr . 


In order fo show fhaf E™” [H"(X)F] — E'^[F[{X)F] goes fo zero, we will apply again Lemma [4.31 
As we have menfioned above, F is confinuous and bounded. Similarly as for Remark 14.51 fhe proof of fhe 
confinuify of FJ (resp. iL„) makes use of fhe confinuify of 4), g, p", p' (resp. 4>„, gn,g^" , pO ^rid Lebesgue 
dominafed convergence fheorem. 

Taking info accounf Remark 14.41 if is enough fo prove fhe uniform convergence of iT” : C —^ R fo 
H : C — > R on each ball of C. This relies on fhe uniform convergence of 4)„(f, •, •) (resp. gn(t,-,-) ) fo 
<1’(L-,-) (resp. g{t,-,-) ) on every compacf subsef R x R, for fixed t G [0,r]. Since fhe sequence (m”) 
converges weakly, finally Lemma [4.31 allows fo conclude (15.50b . 

□ 


6 Link with nonlinear Partial Differential Equation 

From now on, in all fhe sequel, fo simplify nofafions, we will offen use fhe nofafion /t(-) = f{t, •) for 
functions / : [0, T] x F —> R, E being some mefric space. 

In fhe following, we suppose again fhe validify of Assumption [^ 

Here F(-) : / G S(R‘^) >—>■ F(/) G 5(R‘^) denofes fhe Fourier fransform on fhe classical Schwarfz space 
5(R'^). We will indicafe in fhe same manner fhe Fourier fransform on 5'(R'^). In fhis secfion, we wanf fo 
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link the nonlinear SDE (11.411 to a partial integro-differential equation (PIDE) that we have to determine. We 
start by considering problem (ll.4> written under the following form: 

' Yt = Yo + f* $(s, W, + f* g(s, W, ufiY,))ds, Yq ^ Co 

< uY"{x) = Xt{uj)) exp^J*A{r,Xriui),u^{Xriuj))))dr'^dm{u}) ( 6 . 1 ) 

C(Y) = m , 

recalling fhaf 14 (F, u'"(F)) = exp ( f* As(Fs, u™(W))ds). 

Suppose fhaf K is formally fhe Dirac measure af zero. In fhis case, fhe solution of (16.H is also a solution 
of (II. 3t . Lef tp € Applying Ifo formula fo piYt) we can easily show fhaf fhe funcfion v, densify 

of fhe measure i/ defined in (11.31 , is a solution in fhe disfribufional sense of fhe PDE (ITD . Por K being 
a mollifier of fhe Dirac measure, applying fhe same sfrafegy, we cannof easily identify fhe deferminisfic 
problem solved by u™, e.g. PDE or PIDE. 

Eor fhaf reason we begin by esfablishing a correspondence between (16.11 and anofher McKean type 
stochastic differential equation, i.e. 

' Ft = Fo + $(s, n, (K * 7 -)(s, Y,))dWs + fl g{s, F„ {K * 7 ™)(s, F,))ds, Fq ^ Co 

7 ™ is the measure defined by, for all p G C 6 (R'^) 

7r(p) := (7r, ‘P) := /c^ p{Xt{uj))Vt{X, {K * j"^){X))dm{oj) 

£(F) = m , 

where we recall fhe nofafions {K + 7 )(s, •) := {K + 7 s)(-) and ip{x)"/^{dx) := 7 ™(p) . 

Theorem 6.1. We suppose the validity of Assumption^ The existence of the McKean type stochastic differential 
equation 06.11 is equivalent to the one of 06.21 . More precisely, given a solution (F, 7 "*) of 06.21 , (F, u"*), ivith 
= K * 7 "*, is a solution of 06.11 and if (F, u'") is a solution 06.11 , there exists a Borel measure 7 ”^ such that 
(F, 7 ™) is solution of 06.21 . 

In addition, if the measurable set {C G ]R'^|J^(Ar)(C) = 0} is Lebesgue negligible, 06.11 and 06.21 are equivalent, i.e., 
the measure 7 ™ is uniquely determined by w™ and conversely. 


Proof. Lef ((Ft, f > 0), u"*) be a solution of 06.11 . Lef us fix t G [0, T]. 

Since K G L^{R'^), fhe Pourier fransform applied fo fhe funcfion gives 

J-(7r™)(t,C) = J-(if)(C)^_^e-*«-^‘(-)exp A(r, A,(co), <(A,(co)))^ dm{ix) . (6.3) 

By Lebesgue dominafed convergence fheorem, fhe funcfion 

/"* : C G /(C) := J^ gxp A(r, Xr{uj), uf{Xr{uj)))^ dm{uj) , 

is clearly continuous on Since A is bounded, /"* is also bounded. Lef {ak)k=i,... ,d be a sequence of 
complex numbers and {xk)k=i... ,d S (R'^)'^. Remarking fhaf for all C G R*^ 

d d / d \ / d 

EE (XkOjp€ ^ 

k —1 p —1 \fc —1 / \p —1 

if is clear fhaf is non-negafive definife. Then, by Bodmer's fheorem (see Theorem 24.9 Chapfer 1.24 in 
1271 1. fhere exisfs a finife non-negafive Borel measure pt on R'^ such fhaf for all C G R'^ 


/e=l 


/™(C) = 






hTidO) ■ 


(6.4) 
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We want to show that 7 ™ := /i™ fulfills fhe fhird line equation of i6.2\ . 

Since is a finife (non-negafive) Borel measure, if is a Schwarfz (fempered) disfribufion such fhaf 




< 


On fhe one hand, equalifies (16.31 and (16.4b give 

•) = HK)J^{nT) ■)=K*nT. 

On fhe ofher hand, for all ij} G 5(K'^), 




(6.5) 


f f\{r,Xr{co),u^{Xr{co))))dm{uj)) 

Ic^ Hr,Xriuj),u^{Xr{uj)))^ dm{uj) 

Id Hr,Xriuj),{K * n^){Xr{ui)))^ dm{uj) 

j^ V'(-’^t(w))exp K(r,Xr{uj), {K * p™)(X,.(u;)))^ dm{uj) , 


( 6 . 6 ) 


where fhe fhird equalify is justified by Fubini fheorem and fhe fourfh equalify follows by (16.5b . This allows 
fo conclude fhe necessary parf of fhe firsf sfafemenf of fhe lemma. 


Regarding fhe converse, lef (y, 7 ™) be a solution of (16.2b . We sef direcfly u™(a;) := {K * 7 ™)(a;). Ob¬ 
viously fhe firsf equafion in (16.1b is satisfied for {Y,u"^). Since p™ is finife, fhe second equation follows 
direcfly by (16.2b fo (p = K{x--). 

To esfablish fhe second sfafemenf of fhe fheorem, if is enough fo observe fhaf from fhe r.h.s of (16.5b we have 

Leb({^ G MJ^\HKm = 0}) = 0 => HpT) = a.e. ,f G [0,r], 

where Leb denofes fhe Lebesgue measure on This shows effecfively fhaf 7 ™ (resp. it"*) is uniquely 
defermined by it”* (resp. 7 "*) and ends fhe proof. □ 

Now, by applying Ifo's formula, we can show fhaf fhe associafed measure 7 "* (second equafion in (I6.2b l 
satisfies a PIDE. 

Theorem 6.2. The measure 7 ^*, defined in the second equation of (16.2b , satisfies the PIDE 

j dar = ^^df^{i<i><i>%At^xAK*jnhr)-div{g{Ex,K,jrhn+irMt,xAK*^n) 

I *0=1 

[ To^idx) = Co{dx) , 

(6.7) 

in the sense of distributions. 

Proof. If is enough fo use fhe definition of 7 ™ and, as menfioned above, apply Ito's formula fo fhe process 
p(Yt)Vt(Y, [K * 7"*)(y)), for p G C(j“(R‘^) and Y (defined in fhe firsf equafion of (I6.2b l. Indeed, for p G 
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C^(R'^), Ito's formula gives. 


E[^{Yt)Vt{Y,{K*j^){Yj)] 


n^iYo)] 

+ [ E[ipiY)A{s,Y,,iK*j^)is,Y,))VsiY,{K*-f^){Y))]ds 
Jo 

+ [ ^E[5,(p(n)g,(s,n,(X*7-)(s,n))y,(y,(if*7™)(r))]ds 

•^0 i=l 

+ l f J2 nd?MYs){<^>^%As,YsAK * inis,Y,))Vs{Y,{K * 

“'o i,i=l 


( 6 . 8 ) 


By the definition of the measure 7 ™ in we have 

/ AAirAx) = [ Ax)Co{dx) 

jR'i jR'i 


f [ Ax)Hs,x,{K *jAis.x))j^{dx)ds 

Jo Jr‘^ 

[ [ WAx) ■ 9 {s,x,{K *'yAis,x))'y^{dx)ds 
Jo Jr'^ 

f f ^?jAx){^^\j{s,x,{K *-fA(.s,x)A^{dx)ds . 

^ i „-_i Jo Jra 


This concludes the proof of Theorem l6.2l 


(6.9) 

□ 


7 Particle systems approximation and propagation of chaos 


In this section, we focus on the propagation of chaos for an interacting particle system ^ = (^®’^)i=i,... 
associated with the McKean t 5 rpe equation (ll.4t when the coefficients ^,g,A are bounded and Lipschitz. 
We remind that the propagation of chaos consists in the property of asymptotic independence of the com¬ 
ponents of ^ when the size N of the particle system goes to 00 . That property was introduced in 1221 and 
further developed and popularized by ISTI . Moreover, we propose a particle approximation of u, solution 
of 111.41 . 

We suppose here the validity of Assumption [T] For the simplicity of formulation we suppose that T* 
and g only depend on the last variable z. Let (ft, J", P) be a fixed probability space, and (W‘)i=i,... be a 
sequence of independent M?' -valued Brownian motions. Let (Kq )i=i.... be i.i.d. r.v. according to Co- YJe 
consider Y := (Y®)j=i_... the sequence of processes such that {Y^,u^ ) are solutions to 


Y; = YS + f* (YJ))dW: + 

uf(y) = E K(y-YAVt(Y\u”^\YA 


"(YA)ds 

, with TO* := £(Y*) 


(7.1) 


recalling that Vt(Y^, u’^‘(Y^)') = exp ( f* As(YJ',uA (YJ'))ds). The existence and uniqueness of the solution 
of each equation is ensured by Proposition 13.101 We remind that the map (to, t, y) 1 — y) fulfills the 
regularity properties given at the second and third item of Lemma [3 .41 . 

Obviously the processes (Y*)i=i... at are independent. They are also identically distributed since Propo¬ 
sition |3d0] also states uniqueness in law. 
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So we can define := m® the common distribution of the processes (F*)i=i,... ,Ar. 

From now on, will denote which is obviously isomorphic to C([0, T], We start observing 

that, for every f the function {t,x) !->■ uf ^^\x) is obtained by composition of m !->■ u'^[x) with 

m = S'^(0. 

Now let us introduce the system of equations 




rt S (?)_L 


_ \ri 

SO — -^0 


1 ^ 


i=i 


with S^{^) standing for the empirical measure associated to ^ := i-e. 


N 




(7.2) 


(7.3) 


As for (17.31 , we set S^{Y) := Syi is the empirical measure for Y := (Y®),^!... at, where we remind 

2 — 1 

that for each i £ {1, • • • , N}, Y® is solution of (17.11 . We observe that by Remark l2.3l S^{^) and S^{Y) are 
measurable maps from (n,7^) to {V{C‘^),B{V{C‘^))), and they are such that S^{Y) £ V 2 {C‘^) P-a.s. A 

solution ^ := (f®’^)j=i,... of (17.21 is called weakly interacting particle system. 

The first line equation of (17.21 is in fact a path-dependent stochastic differential equation. We claim that 
its coefficients are measurable. Indeed, the map (t,^) being continuous from ([0,T] x 

B{[0, T]) 0 B{C‘^^)) to {V{C‘^) X [0, T] x K®', B{V{C‘^)) 0 B{[0, T]) 0 B{M.‘^)) for alH £ {1, • • • , N}, by 
composition with the continuous map (m, t, y) i— u^{t, y) (see Lemma l3!4l (3.)) we deduce the continuity of 
(hO (^f ^^^(Ct))i=i,'" .Af/aod SO the measurability from ([0, T] x C‘^^,S([0,T]) 0 ,B(C®*^)) to (K, ,B(M)). 
In the sequel, for simplicity we denote ^r<s '■= (C<s)i<j<Af' remark that, by Proposition B. Bl and Remark 

13.71 we have 


(u 






(Cr<s) 



2 = 1 , 


5 

■■N 


(7.4) 


for any s £ [0, T], ^ £ and so stochastic integrands of (17.21 are adapted (so progressively measurable 
being continuous in time) and so the corresponding Ito integral makes sense. We discuss below its well- 
posedness. 

The fact that (17.21 has a unique strong solution (^®’^)i=i,... v holds true because of the following arguments. 

( gN A \ 

Ua (Cs)) is Lipschitz. 

/ 2 = 1 ,••• ,N 

Indeed, for given (Cr<s, ??r<s) £ x s £ [0, T], by using successively inequality (13.51 of Lemma 
I3.4l and Remark |2.II for alH £ {1, • • • , N} we have 


< jckAt) 11 ?: - + 


1 ^ 

^ ^0<r<s / 


< 2\ Cka{T) . max sup - yi\ . 

j = l,--- ,iv o<r<s 


(7.5) 
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Finally the functions 




are uniformly Lipschifz and bounded. 


2. A classical argumenf of well-posedness for sysfems of pafh-dependenf sfochasfic differential equa¬ 
tions wifh Lipschifz dependence on fhe sup-norm of fhe pafh (see Chapfer V, Secfion 2.11, Theo¬ 
rem 11.2 page 128 in 12811 1. 


Theorem 7.1. Let us suppose the validity of Assumption^ Let N be a fixed positive integer. Let (F*)j=i_... (resp. 
,n) be the solution of (I7.1> (resp. 17.211 ), is defined after 17.1> . The following assertions hold. 

1. If (F(K) is in there is a constant C = C{^,g, A, K,T) such that, for all i = 1,-■ ■ ,NandtG [0,r], 

^ (7.6) 

E[sup (7.7) 

where C is a finite positive constant only depending on Mk, Ma, Lk, La, T. 

2. If K belongs to FF^’^(R'^), there is a constant C = C'($, g, A, K, T) such that, for all t G [0, T], 

E[||uf(«)-ur||2] < (7.8) 

where C is a finite positive constant only depending on Mk, M\, Lk, La, T and || V/TII 2 . 


The validify of 17.6t and 17.7> will be fhe consequence of fhe significanf more general proposition below. 


Proposition 7.2. Let us suppose the validity of Assumption^ Let N be a fixed positive integer. Let (lT*’^)i=i_... 
be a family of p-dimensional standard Brownian motions (not necessarily independent). We consider the processes 
(F®’^)j=i,... ^Af, such that for each i G {1, • • • ,LI}, is the unique strong solution of 


Yf^ = Y^ + ^ 
= iE 




<I>iuf'"iYf^))dWf^+j;;g{u^, 


Kiy-Yf^ 


)Vt{Y 


i,N 


(y^.AT)) 


{Yf^))ds, foralltG[0,T] 
, ivith := £(F*’^) , 


(7.9) 


recalling that {Y^’^)) = exp (As(Yf^, (Yf^))ds), (L"o*)*=i ,---being the family of i.i.d. 

r.v. initializing the system 17.lt . Below, we consider the system of equations 17.2t . where the processes are replaced 
by W^’^, i.e. 

+ jt + J^g(uf^^\cn)ds 


^i,N _ \ri,N 

*^0 — -^0 




(7.10) 


i=i 


Then the following assertions hold. 


1. For any i = 1, - ■ ■ N, {yf^)teio,T] have the same law rrd'^ = m°, where is the common law of processes 
(T*)i=i,... ,N defined by the system 17.111 . 
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2. Equation (I7.10t admits a unique strong solution. 


3. Suppose moreover that iF{K) is in Then, there is a constant C = C{K, g, A, T) such that, for all 

tG[0,T], 


sup E[ sup 1^*’^ + 


\u. 


0<s<t 


, < C sup E[K5^(Y)-m^(^)|^], 

veCbiC^) 
ll»>lloo<l 


(7.11) 


1 ^ 

with S^{Y) ■■= 


1=1 


Remark 7.3. 2. The r.h.s. of (I7.11> can be easily bounded if the processes cn'^ i-i-d- Indeed, as in 

the proof of the Strong Law of Large Numbers, 


sup E[|(S'^(Y)-m^(/3)n = sup E 


V&CbiC'i) 

IIV’llcx=<l 


V6Cb(C‘i) 

Il-Plloo^l 




i=i 

N 


< 


sup Yar(l^v5(Y^'^)) 

ll<Plloo<l 

sup Vari^MY^’^)) 
¥>GCi,(C‘i) J'' 

ll¥>lloo<l 

1 

N ■ 


(7.12) 


2. In fact Proposition 17.21 does not require the independence of (Y*’^)i=i,...Ar. Indeed, the convergence of the 
numerical approximation uf to uf° only requires the convergence of d^iS^{Y),m^) to 0, ivhere we 
remind that the distance dff has been defined at Remark 13.51 b). This gives the opportunity to define new 
numerical schemes for which the convergence of the empirical measure S^{Y) is verified without i.i.d. particles. 


3. Let us come back to the case of independent driving Brownian motions Vk®, i > 1. Observe that Theorem [Zl] 
implies the propagation of chaos. Indeed, for all k G N*, (|7.7> implies 


(e 


1,N 




yfe) 


N —> +00 


which gives the convergence in laiv of the vector , ■ ■■ , to (Y^, Y^, • • • , Y^). Consequently, 

since (Y®)j=i^... CO'S H.d. according to mP 


^ 2 ,Ar^ _ _ _ ^ ^k,N^ conz;er^es in law to (to°)®^ ivhen N —>• +oo . (7.13) 


4. Proposition U .2\ can be used to provide propagation of chaos results for non exchangeable particle systems. Let 
us consider {Y^’^)i=i^...N (resp. {C’^)i=i,...N) solutions of U.9\ (resp. (I7.10t ) where 

Wl,N ._ ^ ^ ^i,N ._ ^ 

where we recall that (lY*)i=i,... is a sequence of independent p dimensional Brownian motions. In that sit¬ 
uation, the particle system is clearly not exchangeable. However, a simple application of Proposition U. 2\ 
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allows us to prove the propagation of chaos. Indeed, let us introduce the sequence ofi.i.d processes (F*) solutions 
of (I7.1> , Proposition U.2\ vields 

E[sup - nf ] < 2E[sup + 2E[sup \Yf^ - F,f] 

s<i s<t 

< C sup E[|(5^(Y)-mO,¥>)|2]+E[sup|r;’^-nf]. 

ipeCbiC'^) s<t 

ll¥>lloo<l 

To bound the second term on the r.h.s. of the above inequality, observe that = Y"^ for i > 1 and for i = 1, 
notice that simple computations, involving BDG inequality, imply E[sup 5 <j |F/’^ — Yf p] < 

Concerning the first term on the r.h.s. of the above inequality, we first observe that the decomposition holds 




^ - E[(p(Fi’'^)]) + - K, t)) , 

2=2 


for all ip G Cb^C^). We remind that Y^’^, • • • , Y^’^ have the same law mP taking into account item 1. of 
Proposition U. 2\ It follows that 


sup E 

<e6Cb(C‘i) 




< 


6 

N2 


3{N-lf 


sup E 
veCb(c<‘) 

|[¥>lloo<l 


1 ^ 
i=2 


Syj.N - . (7.14) 


Since the r.v. (F^’^, • • • , Y^’^) are i.i.d. according to rrp, (I7.14> and item 1. of Remark U .3\ give us 

sup E[|(5^(Y)-m°,^)p]< .g, 

VfSCbiC^) J'' 

llvl|oo<l 

which leads to a similar inequality as (I7.7> in Theorem IZl] The same reasoning as in item 3. above implies 
propagation of chaos. 


Proof of Proposition U. 2\ Let us fix t G [0, T]. In this proof, C is a real positive constant (C = C'(4), g, A, K, T)) 
which may change from line to line. 

Equation (17.911 has N blocks, numbered by 1 < i < TV. Item 2. of Proposition ^. 101 gives uniqueness in law 
for each block equation, which implies that for any T = 1, • • • TV, = mP and proves the first item. 
Concerning the strong existence and pathwise uniqueness of (I7.10t , the same argument as for the well- 
statement of (I7.2> operates. The only difference consists in the fact that the Brownian motions may be 
correlated. A very close proof as the one of Theorem 11.2 page 128 in Il28l works: the main argument is the 
multidimensional BDG inequality, see e.g. Problem 3.29 of ||2T1 . From now on let us focus on the proof of 
inequality (I7.11> . On the one hand, since the map (t, G [0, T] x !->■ (uf is measurable 

and satisfies the non-anticipative property (17.411 , the first assertion of Lemma [3 .11 1 gives for alH G {1, • • • , TV} 


E[sup |e^-F;-^p] < Cnf\uf^^\Cp^)-uf{Yf^)fd3\ 

0<s<t JO 


< c 


fnuf{Cs'')-uf{Yf^)\^]ds 

Jo JO 


< C 


E[||uf 11^]-hE[ sup \Cr’^-Yp^f]] ds, by(|33), 

0<r<s 


(7.15) 
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which implies 


sup E[ sup \Cs^ - <c [ + sup ]E[ sup ds (7.16) 

2=1,••• ,N 0<s<t JO \ 2=1,••• ,N 0<r<s J 

On the other hand, using inequalities (13.51 (applied pathwise with m = S^{^){ui) and m' = {Y){ui)) and 

(13.81 (with the random measure rj = S^{Y) and m = mP) in Lemma [3. 41 yields 

< 2E[iiur(«)-ur(^)|iL]+2E[iiur^^^-<iL] 

< 2CE[|Wt(^'^(e),5'^(Y))|2]+2C sup E[|(5'^(Y)-m°,p)p] 

ll»>lloo<l 


< 


20 ^ - _ 

— ^E[sup sup E[|(5^(Y)-m°,p)p] 

0<s<t ¥=GCb(C<i) 

ll¥>ll=o<l 


< 2C sup E[ sup - Y;’"|^] + 0 sup E[|(5'^(Y) - m“,p)r],(7.17) 

i=l,'" ,N 0<s<t tpeCb(C‘‘) 

ll¥>lloo<l 


where the third inequality follows from Remar k l2. II 

Lef us infroduce fhe non-negafive funcfion G defined on [0, T] by 

G(f):=E[||uf(«-<”llL]+ sup E[sup 

0<s<t 

From inequalities (17.161 and (17.171 fhaf are valid for all f S [0, T], we obfain 


G(t) < (2C+1) sup E[ sup ler - Yni + C sup E[|(,5^^ (Y) - 

i=l,---,Af 0<s<t ipeCbiC'^) 

llvlloo<l 


< c 


E[|( 




s Iloo] + sup E[ sup - Y;- I ] ) ds 

2=1,••• ,N 0<r<s 


+ C sup E[|(5^(Y)-m°,p)p] 

veCb{C<^) 

llvllcx,<l 


< C G{s)ds + C sup E[|(5"^(Y)-m",p)H . 

Jo ip&CtiC^) 

llvlloo<l 


By Gronwall's lemma, for all t G [0,0], we obfain 


E[||uf(«)-<”llL]+ sup E[sup|e^ 

2=l,-",Ar 0<s<i 


< Ge^* sup E[|(5'^(Y)-m°,p)|2] . 

veCbic^) 

l\vll,=c<l 


(7.18) 


(7.19) 

□ 


Proof of Theorem ITJ] To prove inequalifies (17.61 and (|7.71 . we can deduce fhem from Proposifion l7.2l Indeed, 
we have f o bound fhe quantify sup E[|(S'^(Y) — m°,p)p].To fhis end, if is enough fo apply Proposition 

ll¥>lloo<l 

17.21 in particular (|7.111 . by seffing for alH G {1, • • • , N}, lY*’^ := FF*. Pafhwise uniqueness of sysfems (17.11 
and (17.91 implies Y®’^ = Y® for all i € {1, • • • , IV}. Since (Y®)j=i... at are i.i.d. according fo m°, inequalifies 
(17.61 and (17.71 follow from ifem 1. of Remark [73] 

If remains now fo prove (17.81 . Firsf, fhe inequalify 

- <111] < 2E[||ur^^^ - uf^^^lll] + 2E[||ur(^) - <1ll], (7.20) 
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holds for all f € [0, T]. Using inequality i3.7\ of Lemma [3.41 for all f G [0, T], we get 

< CE[fUi(5^(e),5^(Y))2] 


< cl^E[sup 

JV , 0<r<t 

j = l - - 

c 

- N ’ 


N 


(7.21) 


where the latter inequality is obtained through II7.7II . The second term of the r.h.s. in (I7.20t needs more 
computations. Let us fix z G {1, • • ■ ; First, 


E[||uf -ur\\l]<2{E[\\A\\l]+E[\\Bt\\l]) , 


(7.22) 


where, for all t G [0, T] 


N 




i=i 

N 


(7.23) 


:= (F^)) -E iL(x-F/)U(F\u- (F^)) 


N 

i=i 

where we remind that mP is the common law of all the processes F*, 1 < z < A^. 

To simplify notations, we set Pj(t, x) := K{x— Y^)Vt{Y\u'^° {Y^)) —E K{x — Y^)Vt{Y^ ,u”^° {Y^)) 
j G {1, • • • , N}, a; G and t G [0, T]. 

We observe that for all x G R'^, t G [0, T], (Pj (t, a:))j=i,... AT are i.i.d. centered r.v. . Hence, 

nstixf] = ^E[P^{t,x)] < ^E[K{x-Y,yVt{Y\u^\Y^)Y] < (x - Y,^)] 

and by integrating each side of the inequality above w.r.t. x G R'^, we obtain 


for all 


E 


/R<i 


\Bt{x)\^dx 


= f E[\Bt{x)\‘^]dx < 

JR<i 


N 


(7.24) 


where we have used that ||/T||i = 1. 
Concerning At{x), 


N 


|Az(x)|2 < ^^/C(x-F/)2[u(F^u«~W(F^))-U(F^ zz”^“(F^)) 

i=i 

1 ^ 


i=i 


< 


< 


MkT 

N ' 


,2tM,j^2^J2Kix - F/) r Izzf _ uf(Y,^)\^dr 


i-1 

N 


^e^‘^-Li^iT(a;-F/) [ ||uf ^ - zzf ||^dr, 
i=i -to 


(7.25) 


where the third inequality comes from (12.8t . Integrating w.r.t. x G R'^ and taking expectation on each side 
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of the above inequality gives us, for all f s [0, T] 


E[[ \At{x)\'^dx] < - u'^°\\l^]dr 

Jm'^ Jo 

< MkT^c^^^'^lIC sup E[|(5^(Y) 

veCb(c<i) 

llvllcx=<l 

MkT^c^^’^^LIC 
- N ’ 


(7.26) 


where we have used (13.81 of Lemma 13.41 for the second inequality above and (17.121 for the last one. To 
conclude, it is enough to replace (17.241 , (17.261 in (17.221 , and inject (17.211 , (17.221 in (17.201 . 


□ 


8 Particle algorithm 


8.1 Time discretization of the particle system 

In this Section Assumption[T] will be in force again. Let (Fq be i.i.d. r.v. distributed according to Co¬ 

in this section we are interested in discretizing the interacting particle system (17.21 solved by the processes 
I < i < N. Let us consider a regular time grid 0 = to < ■ ■ ■ < tk = kSt < ■ ■ ■ < tn = T, with 6t = T/n. 
We introduce the continuous M'^^-valued process (Ct)tG[o,T] arid the family of normegative functions 
(t't)tG[o,T] defined on such that 

r =io’^+fo 

< = (8-1) 

[ Vt(y) = it’^)ew{fo Mr(s),i^^l^yVr(s)(C'(I^))ds} , foranyt e [0,T], 

where r : s G [0,T] i—>■ r(s) G {to,‘‘’tn}is the piecewise constant function such that r(s) = tk when 
s G [tk,tk+i[- We can observe that is an adapted and continuous process. The interacting 

particle system can be simulated perfectly at the discrete instants {tk)k=o,---,n from indepen¬ 

dent standard and centered Gaussian random variables. We will prove that this interacting particle system 
provides an approximation to solution of the system (I7.2|l which converges at a rate of order 

y/Si. 

Proposition 8.1. Suppose that Assumption^holds excepted 2. which is replaced by the folloiving: there exists a 
positive real La such that for any It, t', y, y', z, z') £ [0, T]^ x x (R+)^, 

|A(L y, z) - A(t', y', F)| < La (|t - t'\ + \y - y'\ + |z - z'\) . 


Then, the time discretized particle system (18.11 converges to the original particle system (17.21 . More precisely, we have 
the estimates 


sup E 




supie^-e^P 


S<t 


< C5t, 


( 8 . 2 ) 


zvhere C is a finite positive constant only depending on Mk, Ma, Lk, La, T. 

If we assume moreover that K G W^’^(R‘^), then the folloiving Mean Integrated Squared Error (MISE) estimate 
holds: 

E[||i}t-uf"(«^|||<C5t, (8.3) 


zvhere C is a finite positive constant only depending on Mk,Ma, Lk, La, T and || ViT|| 2 . 
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Remark 8.2. We keep in mind the probability measure mo defined at Section^ which is the law of processes F*, 
solutions of (I7.1> . We claim that v can be used as a numerical approximation to the function u'^°; we remind that, by 
Theorem \6l\ u"^° is associated with a solution 7 ™“ of the PIDE i6.7\ via the relation it™ = K * 7 ™. 

The committed expected squared error E[||it™° — ittllTO] lozver than C{T){St + \/N), for a given finite constant 
C{T). Indeed, it is bounded as follows: 

E[hr -^tllL] < 2E[||itr +2E[||iif -1),||L]. 


The first term in the r.h.s. of the above inequality comes from the (strong) convergence of the particle system 
,N to (F*)i=i,... whose convergence is of order see Theorem W^ inequality (I7.6t . The second term 
comes from the time discretization whose expected squared error is of order St, see Proposition \8.1\ inequality (18.211 . 

The proof of Proposifion 18.11 is close fo fhe one of Theorem 17.11 The idea is firs! fo esfimafe fhrough 
Lemma 18.31 fhe perfurbafion error due fo fhe fime discrefizafion scheme of fhe SDE in sysfem (18.Ill , and 
in the infegral appearing in fhe linking equafion of (18.1b . Later the propagation of fhis error fhrough fhe 
d 5 mamical sysfem (17.2b will be confrolled via GronwalTs lemma. Lemma [8.31 below will be proved in fhe 
Appendix. 

Lemma 8.3. Under the same assumptions of Proposition \8.1\ there exists a finite constant C > 0 only depending on 
T, Mk, Lk, L$, Mg, Lg and M\, L\ such that for any t G [0, T], 


]E[|l)r(t) - 'StIlL < CSt 


(8.4) 

(8.5) 

( 8 . 6 ) 


Proof of Proposition l8.ll All along this proof, we denofe by C a positive consfanf fhaf only depends on 
T, Mk, Lk, L$, Mg, Lg and M\,La and fhaf can change from line fo line. Lef us fix t € [0, T]. 


• We begin by considering inequalify (18.2b . We firsf fix 1 < i < A. By (18.5b and (18.6b in Lemma [8.31 and 
Lemma [3.4[ we obfain 


E[||0*-iif(«)|| 


< 2E[||i)* - uf + 2E[||iif 

< 4(E[||i}, - + E[||0.(,) - itf^^IlL]) + 2E[||iif 

< C(5f + C'E[|Wt(5'^(e),5'^(0)P] 

< CSt + C sup E[sup||*’^, 

s<t 


,S'^(5)||2 


(8.7) 


where fhe funcfion makes sense since ^ has almosf surely continuous frajecfories and so S^{f) 

is a random measure which is a.s. in 'P{C^). 

Besides, by fhe second asserfion of Lemma 13.111 we gef 

r nt nt ^ 


]E[sup 

S^t 


^*,JV|2] < PE 


5,(.)(e5) 




ds 


+ C E 


U, 

Sr>f 


N 

is) 


?i,N 


ds + CSf^ . 


( 8 . 8 ) 


Concerning fhe firsf ferm in fhe r.h.s. of (18.8b , we have for all s € [0, T] 










N\2 


(8.9) 
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where the second inequality above follows by Lemma lSTil see (13.5b (Lipschitz property of fhe funcfion 
Consequenfly by (18.8b 


E[supia’^-e^n < c\e 

S<t L 

< c<!e 


UO 


Pr-(s) 


E 


.^0 


+ E 


I _ /::i,N \2 

Kr(s) I 

-uf^^^Lds 


ds + St^ 


+E 


uo 


I ^i,N |2 7 

IC(s)-?s I 


-E 


'i,N (^i,N\2 


\Q-C 


ds 


uo 


sr 


( 8 . 10 ) 


Using inequalifies (18.4b and (18.5b in Lemma [8.31 for all t G [0, T] we obfain 

sup E[sup \il’^-Cs^\^]<CSt^+ C [ E[||i}s+ sup E[sup\Cg’^ - Cg 

2=1 ,sKt JO 0<s 


-^|2i 


ds. 

( 8 . 11 ) 


Gafhering fhe laffer inequalify fogefher wifh (18.7b yields 

E[||ut-ur(«)||^]+ sup Eisupie^-e'^p] < CSt + 2C sup E[sup 1^^ - 

< C6t 


s<t 


2=1, s<t 


c 




/o 


+ sup E[sup ds . (8.12) 

g<s 


Applying Gronwall's lemma fo fhe funcfion 


sup E[sup|a’^-e^n+E[||u*-uf(«)||^] 

2=1,---A^ S<t 


ends fhe proof (18.2b . 

• We focus now on (18.3b . Firsf we observe fhaf 

n\\vt - < 2E[||u, - + 2E[||ur^^'^ - . (S.W) 

Using successively ifem 4. of Lemma [3 .41 Remark l2.1l and inequalify (18.2b , we can bound fhe second 
ferm on fhe r.h.s. of (18.13b as follows: 

E[||uf(«)-uf(«)||2] < GE[|Wt (5^(1), 5^(0) P] 


< C sup E[sup|a’^-e’^n 

2=1,•••AT s<t 

< CSt. 


(8.14) 


To simplify fhe nofafions, we infroduce fhe real valued random variables 

defined for any i = 1, • • • A and t G [0, T\. 

Concerning fhe firsf ferm on fhe r.h.s. of (18.13b , inequalify (19.21b of Lemma [9.41 gives for all y G 


(8.15) 


\vt{y)-uf ^^^( 2 /)P< -Vi\ 


N 


(8.16) 
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Integrating the inequality Il8.16t with respect to y, yields 


\\vt-uf ^^^|| 2 = / \vt{y)-u^t ^^\y)\'^ dy -VI 


N 




N 


which, in turn, implies 


E 


\v:-v: 


N 


N 


(8.17) 


Using successively item 1. of Lemma 19.41 and inequality (18.4t of Lemma 18.31 we obfain, for all i G 
{I,... ,iV} 


E[|U/-VtY] < C{Sty + CE 


< C6t + CE 


< C6t + CE 


L./0 

•t 




CE 


L./0 


\Vris){C\%)-uf^^\0^)\^ds 


CE 


< C6t + C 


I \vHsyc[:y-ur^^\Q^)fds 


[E[iii),(,) - uf + mifs) - o 

rt 


N\2^ 


ds 


< C6t + C [ E[||i},(,)-ur(«)||^]ds, 
Jo 


(8.18) 


where fhe fourfh inequality above follows from Lemma [3 .41 see (13.5b . Consequenfly using (18.18b and 
inequalify (18.6b of Lemma 1531 (18.17b becomes 


E[\\dt-uf^^^\\l]<^J2^[\V;-V:\y< CSt + C I E[||fi,(,)-Mf(«)||^] < C5f, (8.19) 


N 


N 


2=1 


Finally, injecting <|8.19t and (|8.14t in <|8.13|) yields 

ElllDt-ur^^^lli] <67(5^, 


which ends fhe proof of Proposifion l8.ll □ 

8.2 Numerical results 

8.2.1 Preliminary considerations 

One motivating issue of fhe secfion is how fhe inferacfing particle sysfem ^ := defined in (17.2b wifh 
K = K^, K^{x) := ) for some mollifier can be used fo approach fhe solution v of fhe PDE dl.lb . 

Two significanf paramefers, i.e. e ^ 0, N ^ +oo infervene. We expecf fo approximafe v by , which 
is fhe solufion of fhe linking equafion (13.1b , associated with the empirical measure m = {^). For this 

purpose, we want to control empirically the so-called Mean Integrated Squared Error (MISE) between the 
solution V of dl.lb and fhe parficle approximation , i.e. for t € [0, T], 

< 2E[|1<>^ - ulWl] + 2E[\\ul - vtWl], (8.20) 
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where u’^ = with K = K^, mo being the common law of processes F*, 1 < i in Even though 
the second expectation in the r.h.s. of (18.2011 does nof explicifely involve fhe number of parficles N, fhe 
firsf expecfation crucially depends on bofh paramefers e, N. The behavior of fhe firsf expecfafion relies on 
fhe propagafion of chaos. This phenomenon has been invesfigafed under Assumption [1] for a fixed e > 0, 
when N —>■ +oo, see Theorem 17. II According fo Theorem 17. II fhe firsf error ferm on fhe r.h.s. of fhe above 
inequalify can be bounded by . 

Concerning fhe second error ferm, no resulf is available buf we expecf fhaf if converges fo zero when e —0. 
To confrol fhe MISE, if remains fo defermine a relation N £{N) such fhaf 


£(N) -^ 0 and 


CjejN)) 

N 


-^ 0 . 

N^-\-oo 


When fhe coeffidenfs g and fhe initial condition are smoofh wifh $ non-degenerafe and A = 0 (i.e. in 
conservative case). Theorem 2.7 of ||20|| gives a description of such a relation. 

In our empirical analysis, we have concenfrafed on a fesf case, for which we have an explicif solufion. 

We firsf illusfrafe fhe chaos propagafion for fixed e > 0, i.e. fhe resulf of Theorem 17.1 1 On fhe ofher hand, 
we give an empirical insighf concerning fhe following: 

• fhe asymptotic behavior of fhe second error ferm in inequalify (18.201 for e —0; 


• fhe tradeoff N £{N). 


Moreover, fhe simulations reveal fwo behaviors regarding fhe chaos propagafion intensify. 


8.2.2 The target PDE 


We describe now the test case. Eor a given triple (m, p, A) s]l, oo[xR“ x we consider the following 
nonlinear PDE of fhe form (ED: 


dtv = 2 S - div{vg{t,x,v)) +vA{t,x,v) 

*j'=i 

v{0,x) = Bm(2,x)f^^A{x) for all a; G , 

where fhe functions $ , p, A defined on [0, T] x R*^ x R are such fhaf 

Ht,x,z) = {x)z'^Id , 

Id denofing fhe idenfify mafrix in 

Elere ff^^A : R*^ —>■ R is given by 


-(x-p), and = 


ff,,A{x) = ^ normalized hy C = 




and Bm is fhe d-dimensional Barenblaff-Paffle densify associated fo m > 1, i.e. 

Bm{t,x) = 


( 8 . 21 ) 


( 8 . 22 ) 


(8.23) 


(8.24) 


(8.25) 


with a = , 


JO—), 


/3 = f . « = and D = [2^-2 


r(|+JGT)J 


2 + d(m-l) 
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In the specific case where A is the zero matrix of then = 1; <? = 0 and A = 0. Hence, we 
recover the conservative porous media equation, whose explicit solution is 

v{t, x) = Bm{t + 2,x) , for all {t, x) € [0, T] x 

see m- For general values of A € extended calculations produce the following explicit solution 

v{t,x) = Bm{t + 2,x)ffi^A{x) , for all (t,a:) G [0,r] X R*^ , (8.26) 

of (18.2H , which is non conservative. 

8.2.3 Details of the implementation 

Once fixed the number N of particles, we have run M = 100 i.i.d. particle systems producing M i.i.d. 
estimates The MISE is then approximated by the Monte Carlo approximation 

M Q 

n\\ut'^-vt\\l] ^ , foralHe [0,r] , (8.27) 

where (X-^)j=i... ,q=iooo are i-i-d R*^-valued random variables with common density ?;(0, •). In our simula¬ 
tion, we have chosen T = 1,to = 3/2, /i = 0 and A = with (j)'^ being the standard and 

centered Gaussian density. We have run a discretized version of the interacting particle system with Euler 
scheme mesh kTIn with n = 10. Notice that this discretization error is neglected in the present analysis. 
The initial condition z;(0, •) is perfectly simulated using a rejection algorithm with a Gaussian instrumental 
distribution. 


8.2.4 Simulations analysis 

Our simulations show that the approximation error presents two t 5 rpes of behavior depending on the num¬ 
ber N of particles with respect to the regularization parameter e. 

1. Eor large values of N, we visualize a chaos propagation behavior for which the error estimates are similar 
to the ones provided by the density estimation theory Il29ll corresponding to the classical framework 
of independent samples. 

2. Eor small values of N appears a transient behavior for which the bias and variance errors carmot be 
easily described. 

Observe that the Mean Integrated Squared Error MISE* {e, N) := E[||utII 2 ] can be decomposed as 
the sum of the variance Vt{s, N) and squared bias S^(e, N) as follows: 


MISEt(e,iV) 


Vt{e,N) + Bl{e,N) 


E 


6,N -frp r € ,N ^ 

h -EK J 


-E 


||E[ 





(8.28) 


Eor N large enough, according to Remark 17.31 one expects that the propagation of chaos holds. Then the 
particle system (^*’^) at (solution of (18.It ) is close to an i.i.d. system with common law mP. We observe 

that, in the specific case where the weighting function A does not depend on the density u, for t G [0, T], we 
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have 




'^K^- - ii^^)exp{ / A(r(s),|^’(^))ds} 

JO 


E[K^--Y,^)Vt{Y^)] 

ul. 


(8.29) 


We remind that the relation comes from Theorem 16.II Therefore, under fhe chaos propagafion 

behavior, fhe approximafions below hold for fhe variance and fhe squared bias: 



(8.30) 


On Figurelll we have reporfed fhe esfimafed variance error V) (e, N) as a funcfion of fhe parficle number N, 
(on fhe leff graph) and as a funcfion of fhe regularizafion paramefer e, (on fhe righf graph), for t = T = 1 
and d = 5. 


Thaf figure shows fhaf, when fhe number of parficles is large enough, fhe variance error behaves precisely 


as in fhe classical case of densify esfimafion encounfered in Il29ll , i.e., vanishing af a rafe see relafion 
(4.10), Chapfer 4., Secfion 4.3.1. This is in parficular illusfrafed by fhe log-log graphs, showing almosf linear 
curve, when N is sufficienfly large. In parficular we observe fhe following. 

• On fhe leff graph, log(V) {e, N)) Ki a — a log N wifh slope a = 1; 

• On fhe righf graph, log Vt{e,N) Ri 6-/3 log e wifh slope /? = 5 = d. 

If seems fhaf fhe fhreshold N affer which appears fhe linear behavior (compafible wifh fhe propagafion of 
chaos sifuafion corresponding fo asympfofic-i.i.d. parficles) decreases when e grows. In ofher words, when 
e is large, less parficles N are needed fo give evidence fo fhe chaofic behavior. This phenomenon could be 
explained by analyzing fhe parficle sysfem dynamics. Indeed, af each time sfep, fhe inferacfion befween 
fhe parficles is due fo fhe empirical esfimafion of based on fhe parficle sysfem. Infuifively, fhe more 

accurafe fhe esfimafion is, fhe less sfrong fhe inferacfion befween parficles will be. Now observe fhaf af fime 
sfep 0, fhe parficle sysfem (^q ^) is i.i.d. according fo ?;(0, •), so fhaf fhe esfimafion of (/T'^ * ?^®)(0, •) provided 
by (18.H reduces fo fhe classical densify esfimafion approach. In fhaf classical framework, if is well-known 
fhaf for larger values of e fhe number of parficles, needed fo achieve a given densify esfimafion accuracy, is 
smaller. Hence, one can imagine fhaf for larger values e less parficles will be needed fo obfain a quasi-i.i.d 
parficle sysfem af fime sfep 1, Then one can fhink fhaf fhis initial error propagafes along fhe fime 

sfeps. 

On Figure|2l we have reporfed fhe esfimafed squared bias error, (e, iV), as a funcfion of fhe regularizafion 

paramefer, e, for differenf values of fhe parficle number N, for t = T = \ and d = 5. 

One can observe fhaf, similarly fo fhe classical i.i.d. case, (see relafion (4.9) in Chapfer 4., Secfion 4.3.1 
in 1291), for N large enough, fhe bias error does nof depend on N and can be approximafed by ae'^, for 
some consfanf a > 0. This is in facf coherenf wifh fhe bias approximation (18.3011 , developed in fhe specific 
case where fhe weighfing funcfion A does nof depend on fhe densify. Assuming fhe validify of approxi- 
mafion (18.3011 and of fhe previous empirical observation implies fhaf one can bound fhe error befween fhe 
solution, v^, of fhe regularized PDF of fhe form (16.7t (wifh K = K^) associafed fo (18.2H , and fhe solution. 
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V, of the limit (non regularized) PDE (18.211 as follows 



< - Mill2 


< 2E 

< 2E _ 

< 2(a' + a)£^. 


■2E 


m-vt\\2 


vl - K'^ *vl\\l 


■2E 


\Ut-Vt\\2 


(8.31) 


Indeed, at least, the first term in the second line can be easily bounded, supposing that has a bounded 
second derivative. This constitutes an empirical proof of the fact that converges to v. 

As observed in the variance error graphs, the threshold N, above which the propagation of chaos behavior 
is observed decreases with e. Indeed, for e > 0.6 we observe a chaotic behavior of the bias error, starting 
from N > 500, whereas for e € [0.4,0.6], this chaotic behavior appears only for N > 5000. Finally, for small 
values of e < 0.6, the bias highly depends on N for any N < 10^; moreover that dependence becomes less 
relevant when N increases. 

Taking into account both the bias and the variance error in the MISE (18.281 , the choice of e has to be 
carefully optimized w.r.t. the number of particles: e going to zero together with N going to infinity at a 
judicious relative rate seem to ensure the convergence of the estimated MISE to zero. This kind of tradeoff 
is standard in density estimation theory and was already investigated theoretically in the context of forward 
interacting particle systems related to conservative regularized nonlinear PDE in 1201 . Extending this t 5 rpe 
of theoretical analysis to our non conservative framework is beyond the scope of the present paper. 




(a) Variance as a function of N 


(b) Variance as a function of e 


Figure 1: Variance error as a function of the number of particles, N, and the mollifier window width, e, for dimension 
d = 5 at the final time step T = 1. 


49 






































e 


Figure 2: Bias error as a function of the mollifier window width, e, for dimension d = 5 at the final time step T = 1. 

9 Appendix 

In this appendix, we present the proof of some technical results. 

Remark 9.1. We start with an observation which concerns a possible relaxation of the hypotheses of Lemma \4.3\ the 
uniform convergence assumption for the integrands is crucial and it cannot be replaced by a pointwise convergence. 

Let define fl = [0,1] equipped with the Borel a-field, {Zn)n>o ^ sequence of continuous, real-valued functions 
s.th. 

f 0 , X > - 

I nx , X e [0, i] (9.1) 

[ -nx +2 , xe [if]. 

We consider a sequence of probability measures (m„)„>o s.th. mn{dx) = Jj. (dx) and mo{dx) = So{dx). 

On the one hand, we can observe the following. 

• Zn -s> 0, pointwise. 

n —>• +00 

• for all n > 0, \Zn\ < 1, surely. 

• nin - > m, weakly. 

n —F +CXD 

On the other hand,J^ Zndrrin = Zn(^) = 1^0. 

Before stating a tightness criterion for our family of approximating sequences we need to express the 
classical Theorem of Kolmogorov-Centsov, stated in Theorem 4.10, Chapter 2 in ll2Tl . taking into account 
Remark 4.13. 

Proposition 9.2. Let r s N*. A sequence (Pn)n>o of Borel probability measures on C'' is tight if and only if 

lim sup P„ ({w G C*" I jwol > A}) = 0 , (9.2) 

A—>+00 
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• v(e,s,i) e r; X [o,r] X [o,r]. 


lim sup P„({a; G I max Iwt — > ^l) = 0 . (9.3) 

5iO „gN (s,t)G[0,T]2 

it-s|<(5 


Lemma 9.3. Let K : R"^ —>• R be bounded and Lipschitz. For each n G N, we consider Borel functions : 
[0, T] X R"^ X R —>• R'^^P, gn : [0, T] x R^ x R —>• R'^, and A„ : [0, T] x R'^ x R —^ R uniformly bounded in n. 
We also consider a tight sequence {Q) of probability measures on R'^. Let (F", u„) be solutions of 

( dYf = Yf, u„(i, Yf))dWt + Yf, Ur.iL Yf))dt 

< Unit,x):= J^^iKix-Xtiu})) exp^J^An{r,Xr{u}),Unir,Xriuj)))dr'^dm’^iu}) ( 9 . 4 ) 

[ m„ = £(F„), 

where for all n G N, Yf is a r.v. distributed according to Q. 

Then, the family (z/" = u„(-, F”)), n > O) is tight. 

Proof. If we denote by Pji the law of (F„, m"(-, F”)) we bound the l.h.s of i9.2\ as follows: 


P„({a; G |a;o| > A}) = P({|(Fo",u"(0,Fo"))| > A}) 

< P({|Fo"| + K(0,Fo")| > A}) 

< P({l>^"l>^})+P({K(0,Fo")l>^}) 

< Co({a^eRlN>^}) + n{l«"(o,i7)|>^}). (9.5) 

Let us fix e > 0. On the one hand, (Q) being tight there exists a compact set of R'^ such that sup (q ) < e. 

neN 

Then, there exists A^ > 0 such that {xGR'^||a:|>^}c.hg which implies 

sup Co ({a; G R'^l |x| > ^}) < supCo < £• 

n^N ^ n^N 


On the other hand, since m" is uniformly bounded, for all A > 0, Chebyshev's inequality implies 

Consequently for A > A^, we get 


(9.6) 


supP„({a; G Iwol > A}) < 4 

n^N 


iMKe™^f 


+ e . 


(9.7) 


Taking the limit when A goes to infinity, we finally get inequality (19.2t since e > 0 is arbitrary. 

It remains to prove (19.3L 

We will make use of Garsia-Rodemich-Rumsey Theorem, see e.g. Theorem 2.1.3, Chapter 2 in Il30ll or fH. 
We will show that, for all 0 < s < t < T, there exists a positive real constant C > 0 


E[|F," 


F-r + \UniL YD - Unis, F,")r] < C\t - s\ 


(9.8) 


where C does not depend on n. Suppose for a moment that (19.811 holds true. 

Let e > 0 fixed. Let i5 > 0. If P„ denotes again the law of (F", w"(-, F”)), the quantity 

P„({a; G I sup \u}t - > e}) (9.9) 

(s,t)G[0,T]2 
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(9.10) 


intervening in (19.3t is bounded, up to a constant, by 


P( max {|r,"-y,"| + |w"(t,r,")-w"(s,y,")|}>£). 

(s.t)G[0.T]2 ' S I I ^ J \ > s yiJ 

|t-s|<<5 

Let us fix 7 £]0, |[. By Garsia-Rodemich-Rumsey theorem, there is a sequence of non-negafive r.v. L" such 
thaf, a.s. 

supE[(r")^] < oo 

nGN 

V(s,f) € [0,T]2, \Y,^-Yp\ + \u^it,Yn-u^{s,Y,^)\<nt-sr. 

If |f — s| < (5 (19.in gives 

max {|y- - r-| + \u-{t,Yn - w"(s,n")|} < r"^ . 

(s.£)G[0.T]2 
|t-s|<(5 

By (I9.12t and Chebyshev's inequalify for any n G N, fhe quanfify (19.911 is bounded by 

P(r"5^ > e) = P(r” > eS-^) 

^47 

for any n G N. Since <5 > 0 is arbitrary, (19.311 follows. To conclude fhe proof of fhe lemma, if remains fo show 

dlS. 

We recall fhaf M$, Mg, Ma, Mif denofe fhe uniform upper bound of fhe sequences (|‘&n|)/ (l5n|)/ (|A„|)and 
of fhe funcfion K. Lef 0 < s < f < T. To show (19.811 , we have fo evaluafe 


(9.11) 

(9.12) 


E[|y- - n"|4] +E[|m„(LF,") - M„(s,n")|"] . (9.13) 

By classical compulations (e.g. Ifo's isomefry, Cauchy-Schwarz inequalify), we easily obfain 

yk G N^ VT > 0, 3C' := (9-14) 

where fhe consfant C does nof depend on n because <?„ are uniformly bounded, in parficular w.r.t. n. 
Regarding fhe second expecfafion in (I9.13L we gef 

E[|M„(f,y") - M„(s,y'")|^] = [ {un{t,Xt{uj)) - Un{s,Xs{uj)))'^dm'^{uj) 

Jc<‘ 


(9.15) 


where 


h ■■= 


< 8(/i + 12 ) , 


{un{t, Xt{uj)) - Un{s, Xt{uj)))'^ dm'^ {oj) 


h-= / {un{s,Xt{uj)) - Un{s,Xs{uj))) dm"(w). 


(9.16) 


On the one hand, for all x G 

\Un{t,x) - Un{s,x)\ = e\ K {x - Yt’^)e-^o A„ (r.Y^ (r. V;*))dr 


< 


J \K{x - Xt{uj)) - K{x - Xs{u}))\exp A„(r,u„(r,Xr))dr^ dm"(a;) 
+ J ^K{x - Xsiu})) J^n{r,Xr{uj),Un{r,Xr{uj)^ dr 

- exp Kn{r,Xr{ijj),Un{r,Xr{uj)))dr^ dnrYiuj) 
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By (12.7t and Il9.14t (with k = 1) together with Cauchy-Schwarz inequality, this is lower than 

LKexpiM^T) [ \Xt{oj) - Xs{u})\dm'^{u}) 

Jc^ 

+ MKexp(MA) / [ Kn{r,Xr{uj),Un{r,Xr(uj)))dr drrC^iuj) 

Jc’^ Js 

< {Lk exp{MAT)VC^ + MKexp{XI/^)M/^VT)y^\t - s|, 

which implies 

h = Jcd\un{t,Xt{uj)) - Ur,{s,Xt{uj))\‘^dm^{uj) < (LArexp(MAr)v^+Mifexp(MA)MAVT)4|t-sp . 

(9.17) 

On the other hand, for all {x, y) x 


\un{s,x) -Un{s,y)\ < E[|itT (x - F/*) - itT(?/ - F/*)| exp (/J* A„ (r, F” , (r, F/*) )dr) ] 

< LKexp{MAT)\x - y\, , 

which implies 

l2= J(;.d\unis,Xt{uj)) - Unis,Xsiuj))\^dm^{Lu) < L K exp{MAT) \Xt{u}) - X siuj)\^ dm’^ {u}) 

< Lk exp{MAT)C'\t — sl"^ , 


(9.18) 


(9.19) 


where the second inequality comes from (19.141 wifh k = 2. 

Coming back fo (19.151 , we have |/i + / 2 I < C''\t — sp wifh C" a consfanf value depending only on 
T, M$, Mg, Ma, Mk, Lk, T. This enable us fo conclude fhe proof of (19.81 and finally fhe one of Lemma 


□ 

We proceed now wifh fhe proof of Lemma [8. 3 1 fhaf will make use of fhe following infermediary resulf. 

Lemma 9.4. Let N € N*. Let ^at be a solution of the interacting particle system (17.21 ; let (.^®’^)i=i_... 

and V as defined as in the discretized interacting particle system (18.11 . 

Under the same assumptions as in Proposition 18.11 the random variables Vf := e-^o ))d.^ 

Vf := e^° all t € [0, T], f G {1, • • • , N} fulfill the following. 


1. For all tG [0,r], i G {I,-- - ,iV} 
E[|F/-F/n <C{Stf + CE 




■CE 


Oo 




,(9.20) 


where C is a real positive constant depending only on Ma, La and T. 
2. For all {t, y) G [0, T] x K'^, f G {1, • • • , N} 


\My) -\v: - 


N 


(9.21) 


Proof of Lemma [9~4l Lef us fix t G [0, T], i G {1, • • • , N}. To prove (19.201 , if is enough fo recall fhaf A being 
uniformly Lipschifz w.r.f. fhe time and space variables, fhe inequalify (12.71 yields 


\v: - Vlf < 36^*^-Li £ [|r(s) - sp + IQi') - + |0.(.)(aS) - 


ds 


(9.22) 
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and taking the expectation in both sides of (I9.22t implies Il9.20t with C := 

Let us fix y G Concerning (19.2H , by recalling fhe third line equation of (18.H and the linking equation 
(13.11 (with m = we have 

2 




N V 

^ K{y - 


N 


2=1 


J2K{y-C’^)(v;-V:) 


2=1 

N 




ri 12 


2=1 




N 


N 




i=l 


(9.23) 

□ 


which concludes the proof of (19.2111 and fherefore of Lemma [9.41 

Proof of Lemma f8.3l All along fhis proof, C will denofe a posifive consfant that only depends 
T, Mif, Lk, Mg, Lg and Ma, La and that can change from line to line. Let us fix t G [0, T], 

• Inequality (18.41 of Lemma 18.31 is simply a consequence of fhe facf fhaf the coefficients $ and g are 
uniformly bounded. Indeed, 


lE[ICm-eEl'] = E 


/r(i) ^ ^ Jr{t) ' ' 


< 2E 


r ds 

+ 2{t — r-(f))E 


Jr{t) 




< 2Ml6t + 2M^{Stf 

< CSt, as soon as (5fG]0,1[. 

Now, let us focus on fhe second inequalify (18.51 of Lemma [8.3l Nofe thaf for any y G fhe following 
inequalify holds: 


N 


\vr{t)i.y) - vt{y)\ < 


2=1 


\K{y-e;ll))-K{y-C'^) 




+ K{y-il’^) 




(9.24) 


Using fhe Lipschifz properfy of A and fhe fact that K and A are bounded, one can apply (12.71 to bound 
the second term of fhe sum on fhe r.h.s. of the above inequality as follows: 


K{y-C’^) 


< CSt. (9.25) 


The first term of fhe sum on fhe r.h.s. of (19.241 is bounded using fhe Lipschifz properfy of K and fhe 
facf fhaf A is bounded. 

Kiy - Cud - K{y - IE) e^''||E - |El ■ (9-26) 
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Injecting (I9.25t and (19.2611 in (19.24b we obtain for all y 

\Tjrit){y) - vt{y)\ < cst + — X! 

i=l 

which finally implies fhaf 

N 

Pk*) - < cse +1 ^ IC(^ - . 

^ i=l 

We conclude by using inequalify (18.4b of Lemma 18.31 affer faking fhe expecfafion of fhe r.h.s. of fhe 
above inequalify. 


Finally, we deal wifh inequalify (18.6b of Lemma 18.31 Observe fhaf fhe error on fhe leff-hand side can 
be decomposed as 

< 2E[||F.(,)-F*||L] + 2E[||F,-ur(«||L] 

< C'Jf + 2E[||Fi-wf«)||^], (9.27) 

where we have used inequalify (18.5b of Lemma [8.31 

Lef us consider fhe second ferm on fhe r.h.s. of fhe above inequalify. To simplify fhe nofafions, we 
infroduce fhe real valued random variables 


yi g/o yi ^lo ^{r{s),il.^^yir(s){t;l!^))ds 


(9.28) 


defined for any i = 1, ■ ■ ■ N and t € [0, T\. 

Using successively inequalities (19.20b of Lemma |9.4[ (18.4b of Lemma [8.31 and (13.5b of Lemma |3.4[ we 
have for alH G {1, • • • , N}, 


E[|U/-UtT] < C6t + CE 

< C5t + (3'E 
+ CE 

< C6t + C 




N\2i 


fO 

rt 


ds 


< CSt + C E[||i},(,) - uf 
Jo 

On the other hand, inequality <I9.2H of Leinina [9.4| implies 




M\ 


K 


E - v:\^ . 


2=1 


Taking fhe expecfafion in bofh sides of (19.30b and using (19.29b give 


Ml 


N 


(9.29) 


(9.30) 


E[pt-«f \v:-v:\^ <CSt + C I E[||F,(,)-Mf (9.31) 


We end fhe proof by injecting fhis lasf inequalify in (19.27b and by applying GronwalTs lemma. 


□ 
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